NEWTON’S SECOND LAW PROBLEMS: MULTIPLE OBJECTS
step-by-step solutions

These solutions build on the skills covered in my video series “Newton’s Second Law problems,
explained step by step”.

Step-by-step discussions for all solutions are also available in the YouTube videos.
For briefer solutions, use the Brief Solutions document.

The problems are available in the Problems document.

Answers without solutions are available in the Answers document.

You can find links to these resources at my website: www.freelance-teacher.com

You can support these resources with a monthly pledge at my Patreon page:
www.patreon.com/freelanceteacher

Or you can make a one-time donation using the PayPal Donate button on my website:
www.freelance-teacher.com

If you find that the video explanations move too slowly, you can simply try the problems in the
Problems document, study the solutions in the Solutions documents, and, if necessary, skip to the
particular parts of the videos that cover parts of the solutions that are giving you difficulty. Each video
has a table of contents, to make it easier to skip to particular topics.

If you find a particular problem to be difficult, then, after studying the solution, before you try the
next problem, you should take a blank piece of paper and retry that problem from scratch. Don’t move
on to the next problem in the series until you are comfortable with the solution for the current problem.

Solutions begin on next page.
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NEWTON’S SECOND LAW PROBLEMS: MULTIPLE OBJECTS

Solution for Video (1)
Video (1)
Here is a summary of some of the key steps in the solution:
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You should choose a positive axis for each object that points in the direction of motion for that
object. So, we choose down as the positive y-direction for mass 2. This allows us to say that a,,=a;s.
The step-by-step solution begins on the next page.
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NEWTON’S SECOND LAW PROBLEMS: MULTIPLE OBJECTS Solution for Video (1)

Here is the step-by-step solution to the problem:

In the diagram, m, = 3.0 kg and m, = 2.0 kg. The pulley is massless and frictionless. Mass 1 is sliding
down the incline; mass 2 is falling. There is a coefficient of kinetic friction p, = 0.40 between mass 1
and the incline. Find the acceleration of the masses, and the tension in the rope.
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Use the concepts mentioned in the problem to determine the problem-solving framework that
is appropriate for the problem. The problem refers to the concepts of mass, friction (which is a
force), acceleration, and tension (which is another force), all of can be substituted into the Newton’s
Second Law equations, so we plan to use the Newton’s Second Law problem-solving framework to
solve the problem.

When possible, represent what the question is asking you for with a symbol, or a combination
of words and a symbol. The problem asks for the acceleration of each mass. I will interpret this part of
the question as asking for the magnitude and direction of the acceleration for mass 1, and the
magnitude and direction of the acceleration for mass 2. We can symbolize those concepts as follows:
?= a, ?= a;

? = direction of @, ? = direction of 4,

We can represent the magnitudes of the accelerations with the symbols a; and a», written without
arrows on top. When you write a vector symbol without an arrow on top, the symbol stands specifically
for the magnitude of the vector. When you write a vector symbol with an arrow on top (e.g., d, or

d, ), the symbol stands for the complete vector, including both magnitude and direction.
We use 1 and 2 subscripts to distinguish the acceleration of mass 1 from the acceleration of mass 2.

The problem also asks for the tension, by which the professor probably means the magnitude of the
tension force, which we can represent with the symbol T, written without an arrow on top: ? =T
A “magnitude” is a number that can be positive or zero, but that can never be negative.

Draw the velocity vector for each object. The velocity vector indicates the object’s direction of
motion.

The problem tells us that mass 1 is sliding down the incline and that mass 2 is falling. Therefore, we
have drawn velocity vectors pointing down the incline, and straight down, in the sketch above, to
indicate the directions of motion for mass 1 and mass 2 after they are released. We use 1 and 2
subscripts to distinguish the velocity vector for mass 1 from the velocity vector for mass 2.

Check that the given units are SI units. The problem uses kilograms, which are SI units.
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NEWTON’S SECOND LAW PROBLEMS: MULTIPLE OBJECTS Solution for Video (1)

We usually draw a Free- Free-bed
body diagram for each
object whose mass is
mentioned in the problem.
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General two-step process for identifying the forces for your Free-body Diagram for a particular object:
(1) Draw a downward vector for the object’s weight.
(2) Draw a force vector for each thing that is touching the object.

In this case, mass 1 is being touched by the surface of the incline, which exerts both a normal force
and a frictional force; and by the rope, which exerts a “tension force”. We know that kinetic friction
applies for this problem because mass 1 is sliding.

Mass 2 is being touched only by the rope, which exerts a “tension force”.

The rule for determining the direction of the weight force is: The weight force always points
straight down.

The rule for determining the direction of the normal force is: The normal force points
perpendicular to, and away from, the surface that is touching the object. (In math, “normal” means
“perpendicular”.)

So the normal force exerted by the surface of the incline on mass 1 points perpendicular to, and
away from, the surface of the incline.

The rule for determining the direction of kinetic friction is: Kinetic friction points parallel to the
surface, and opposite to the direction that the object is sliding. (Friction opposes sliding.)

Mass 1 is sliding parallel to, and down, the incline, so for this problem the kinetic friction points
parallel to, and up, the incline.

The rule for determining the direction of the tension force is: The tension force points parallel to the
rope, and away from the object.

This rule is based on the commonsense idea that a rope can only “pull” an object, not “push” it. The
rope exerts a pulling force down the incline on mass 1, and an upward pulling force on mass 2.
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NEWTON’S SECOND LAW PROBLEMS: MULTIPLE OBJECTS Solution for Video (1)

Begin a Force Table for mass 1, and a Force Table for mass 2.
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In the first row of the Force Tables, we will calculate or i‘eprésent the mag,;nitudes of each of

the force vectors. You should know that a magnitude is a number that can be positive or zero, but that
can never be negative.

Always try to use the exact right symbols. A vector symbol written with an arrow on top stands for
the complete vector, including both direction and magnitude. A vector symbol written without an arrow
on top stands specifically for the magnitude of the vector.

w; = magnitude of the weight force on mass 1
w, = the complete weight force vector for mass 1, including both direction and magnitude

n = magnitude of the normal force
n = the complete normal force vector, including both direction and magnitude

fc = magnitude of the kinetic friction force

f . = the complete kinetic friction force vector, including both direction and magnitude

T: = magnitude of the tension force on mass 1
= the complete tension force vector for mass 1, including both direction and magnitude

w, = magnitude of the weight force on mass 2
w, = the complete weight force vector for mass 2, including both direction and magnitude

T, = magnitude of the tension force on mass 2

T, =the complete tension force vector for mass 2, including both direction and magnitude

So, in the first row of our Force Tables, we write the vector symbols without arrows on top, to
indicate that these symbols all stand for magnitudes.

In contrast, the purpose of the Free-body diagram is to represent the directions of the forces, so in
the Free-body diagram we write the vector symbols with arrows on top.
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In the first row of the Force Tables, we calculate or represent the magnitudes of the force vectors,
using the following three-step method:

(1) If you are given a value for the magnitude of a force, use that value to represent the magnitude.

(2) Otherwise, if a force has a special formula, use the special formula to calculate or represent the
magnitude.

(3) If a force has no given value and no special formula, represent the magnitude by a symbol.

For purposes of filling out your Force Table, do not try to figure out how the forces will interact with
each other. Let the Newton’s Second Law equations figure out those interactions for you, later in your
solution.

In this problem, we are not given a value for the magnitude of any of the forces.

We can use the special formula w=mg to calculate the magnitude of the weight force on mass 1, and
the magnitude of the weight force on mass 2. We can use the special formula fi=pun to represent the
magnitude of the kinetic friction force exerted on mass 1.

There is no special formula for the magnitude of the normal force, so we will represent the unknown
magnitude of the normal force with the symbol n, written without an arrow on top.

There is no special formula for the magnitude of the tension force, so we will represent the
magnitude of the tension force at each end of the rope with a symbol.

For a massless rope stretched over a massless, frictionless pulley, the magnitude of the tension
force is the same at both ends of the rope, although the direction of the tension force may be different
at the two ends of the rope. In introductory physics, we typically assume that ropes are massless, and
that pulleys are massless and frictionless, unless the problem indicates otherwise.

So, we can use the same symbol, T, written without an arrow on top, to stand for the magnitude of the
tension force on mass 1, and for the magnitude of the tension force on mass 2.

Note: Two vectors are equal only if both their magnitudes and their directions are equal. The tension
force on mass 1 points in a different direction than the tension force on mass 2, so the two tension forces

are not equal ( TI;«éTZ ). But the magnitude of the tension force on mass 1 does equal the magnitude
of the tension force on mass 2 (T; = Ty).
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NEWTON’S SECOND LAW PROBLEMS: MULTIPLE OBJECTS Solution for Video (1)
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Before we can break the forces into components, we must choose our axes. As a beginning physics
student, for multiple object problems you should choose the direction of motion for each object as
the positive direction for that object. It’s OK to choose different axes for different objects!

Mass 1 is moving parallel to, and down the incline. So for mass 1 we choose an x-axis that points
parallel to, and down, the incline. And let’s choose a y-axis that points perpendicular to, and away
from, the incline.

Mass 2 is moving straight down. So for mass 2 we choose a positive y-axis that points straight
down. And let’s choose an x-axis that points right. (Some professors might choose “up” as the positive
direction for mass 2, but in my opinion that is an inferior approach for a beginning physics student.)

-

n, T, |, fk , W, ,and Tz can all be broken into components using the following rule:

If a vector is parallel or anti-parallel to one of the axes, then the component for that axis has the
same magnitude and direction as the overall vector; and the component for the other axis is zero.
(“Parallel” = “pomtlng in the same direction”; “anti-parallel” = “pointing in opposite directions”.)

For example, 1 points in the positive y-direction for mass 1, so ny is positive. n, has the same
magnitude as the overall force, so n, = +n. And the other component, n,, is zero.

For another example, fk points in the negative x-direction for mass 1, so fx is negative. fi. has
the same magnitude as the overall force, so fix = -.4n. And the other component, fiy, is zero.

Tl points in the positive x-direction for mass 1, so Ty, is positive.

w, points down, which we have chosen as the positive direction for mass 2, so wyy is positive.

T , points up, which we have chosen as the negative direction for mass 2, so T», is negative.

It is crucial to include the negative signs on f,and T>,. You should include a “+” sign in front
of all positive components, because that will help you to remember to include the crucial “-” signs
in front of negative components.

(Of course, if you choose “down” as your positive direction for mass 2, then you will obtain a
different pattern of signs for your y-components then we obtained in this solution.)
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NEWTON’S SECOND LAW PROBLEMS: MULTIPLE OBJECTS Solution for Video (1)

w, is neither parallel nor anti-parallel to the x- and y-axes for mass 1. Therefore, to break W,
into components, we must draw a right triangle and use SOH CAH TOA, as summarized below.
I discuss the process for breaking the weight force into components for an inclined plane
problem in detail in my series “Newton’s Second Law problems, explained step by step”.

The legs of the right triangle should be parallel to your x- and y-axes. The legs represent the
components of the vector; the overall vector forms the hypotenuse of the right triangle.

To determine the directions of the components: The components are supposed to represent the overall
vector. Therefore, the head of a component arrow should be at the head of the overall vector, and the
tail of a component arrow should be at the tail of the overall vector.
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We use absolute value symbols in our SOH CAH TOA equations because the SOH CAH TOA
equations can only tell us the magnitudes of the components. We determine the signs of the
components (“+” or “-”) in a separate step, based on the directions of the component arrows in our right
triangle. w1, points in the positive x-direction, so wiy is positive. wy, points in the negative y-direction,
S0 wyy is negative. You should include a plus sign in front of the positive component, because that
will help to remember to include the crucial negative sign in front of the negative component.
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NEWTON’S SECOND LAW PROBLEMS: MULTIPLE OBJECTS Solution for Video (1)

Now we can substitute our results for wi, and wy, into our Force Table for mass 1.
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Next, write the Newton’s Second Law equations, as shown below. Mass 1 experiences forces in
both the x- and y-components, so we write Newton’s Second Law equations for mass 1 for both the x-
and y-components. Mass 2 experiences no forces in the x-component, so for mass 2 we write the
Newton’s Second Law equation only for the y-component.

Write the general Newton’s Second Law equations before you plug in specifics.

Always try to use the exact right symbol, including the exact right subscripts. For a multiple object
problem, we use subscripts to distinguish the two objects from each other. Use ; and , subscripts to
carefully distinguish the Newton’s Second Law equations for mass 1 from the equation for mass 2.
Also, use 4 and y subscripts to distinguish the Newton’s Second Law x-equation from the y-equations.

As shown below, on the left side of each equation we add the individual force components, which
we determined in our Force Tables. Be sure to include negative signs when you add negative
components, such as wyy, fix, and Thy.

If an object is motionless in a component, then that component of its acceleration is 0.

Mass 1 is moving parallel to the incline, in the x-component. Mass 1 has no motion perpendicular to
the incline; i.e., mass 1 is motionless in the y-component. So we can substitute zero for a,, in the
Newton’s Second Law y-equation for mass 1.

For two objects moving in straight lines and connected by an unstretchable rope, if you choose a
positive direction for each object that points in the direction of motion for that object, then the
acceleration component in the direction of motion for one object will equal the acceleration component
in the direction of motion for the other object.

We have chosen a positive x-axis for mass 1 that points in the direction of motion for mass 1. And
we have chosen a positive y-axis for mass 2 that points in the direction of motion for mass 2. So we can
write the equation a;, = a,,, as shown below. Then we can use that equation to substitute ax for a,, in
the Newton’s Second Law equation for mass 2, as shown below. This helps us by reducing the total
number of unknowns in our Newton’s Second Law equations.

(If you choose “up” as your positive y-direction for mass 2, then ax # ay!)

k. = - £ -
2F;x:m|alx é‘Flyhm‘QIy é F?y" mzazy q“( - O‘.z)/
147+ +T=3 Qg 255 4273 (0] 19.6461)=2 Q,,,
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NEWTON’S SECOND LAW PROBLEMS: MULTIPLE OBJECTS Solution for Video (1)

For two objects moving in straight lines and connected by an unstretchable rope, if you choose a
positive direction for each object that points in the direction of motion for that object, then the
acceleration component in the direction of motion for one object will equal the acceleration component
in the direction of motion for the other object.

But remember, this rule only works if you choose a positive direction for each object that points in
the direction of motion for that object. For example, if you choose “up” as your positive y-direction for
mass 2, then aix # a,,. (Instead, aix = -ayy.) So, as a beginning physics student, you will make your life
easier for multiple object problems if you choose a positive direction for each object that points in the
direction of motion for that object.

I will discuss why the rule works, and what happens if you choose “up” as the positive direction for
mass 2, towards the end of this solution.

Don’t confuse aiy, a1y, and a,,. To avoid confusing these concepts, don t use the words “it” or “they”.
Don’t say “it is zero” or “they are equal”. Instead, say “ai, is zero” or “a;, and a,, are equal.”
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The Newton’s Second Law x-equation for mass 1 has three unknowns, and the Newton’s Second
Law y-equation for mass 2 has two unknowns; so we postpone working with those equations.

The Newton’s Second Law y-equation for mass 1 has only one unknown, so we begin by solving
that equation for n.

e
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Always include units on your results. All the numbers we substituted into the Newton’s Second Law
equations are in SI units, so we can trust that our results are in SI units. Like any force, the SI units for
the normal force are Newton’s.
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Now we substitute our result for n into the Newton’s Second Law x-equation for mass 1.
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Together, the Newton’s Second Law x-equation for mass 1 and the Newton’s Second Law y-
equation for mass 2 form a system of two equations with a total of two unknowns (T and aiy). The most
efficient way to solve this particular system of equations is the Addition Method, as illustrated below.
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Alternatively, you can solve the system of equations using the Substitution Method. However, for
this problem the Addition Method is more efficient than the Substitution Method. The Addition Method
works well for this particular problem because the two equations are already written in a form such that
the variable T will cancel out when the equations are added to each other. The Addition Method is often
the best approach for Newton’s Second Law problems involving multiple objects.

Always include units on your results. All the numbers we substituted into the Newton’s Second Law
equations are in SI units, so we can trust that our results are in SI units. The SI units for acceleration
are m/s’. Also, remember that it’s a good habit to include a “+” sign in front of a positive component,
such as aiy.

n< 255N
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NEWTON’S SECOND LAW PROBLEMS: MULTIPLE OBJECTS Solution for Video (1)
Because ay, equals +4.82 m/s?, we know that a,y also equals +4.82 m/s.

We take our result for a;, and substitute it into the Newton’s Second Law x-equation for mass 1.
The x-equation for mass 1 now has only one unknown (T), so we can now solve the equation for T.

(Alternatively, you could substitute the result for a;, into the Newton’s Second Law y-equation for

mass 2, which we have now written as “19.6 — T = 2a,,”. In this problem, the x-equation for mass 1 is
slightly easier to work with, because the variable T is added, rather than subtracted, in that equation.)
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Always include units on your results. All the numbers we substituted into the Newton’s Second Law
equations are in SI units, so we can trust that our results are in SI units. Like any force, the SI units for
the tension force are Newtons.

We arrange our algebra for the Newton’s Second Law equations in three adjacent columns. This

helps us to keep the math organized. If there is sufficient room on your paper, you should imitate this
adjacent column approach in your own work on Newton’s Second Law problems.
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TI9UN , A= +2.82% , Oy~ *7.82

We have determined the acceleration components, but I am interpreting the question as asking for
the magnitude and direction of the overall acceleration vector. a;, equals zero, and a,, equals zero
(because mass 2 is motionless in the x-component), so we can use this rule:

If one component of a vector is zero, then the magnitude and direction of the overall vector is the
same as the magnitude and direction of the nonzero component.

aix is positive. The positive x-direction for mass 1 is parallel to, and down, the incline. So the
direction of d, is “parallel to, and down, the incline”, as drawn below.

ayy is positive. We have chosen “straight down” as the positive direction for mass 2. So the direction
of a, is“straight down”, as drawn below.

In the diagram, m, = 3.0 kg and m, = 2.0 kg. The pulley is massless and frictionless. Mass 1 is sliding
down the incline; mass 2 is falling. There is a coefficient of kinetic friction p, = 0.40 between mass 1
and the incline. Find the acceleration of the masses, and the tension in the rope.

J, ?= T
a-? —
—.?: Q, ?”0-2.
. -
C% o\'./gc{':bq o'F-C?' ?:d;fQC£:on of 02
P\Zial mass| moass 2
<Y. l—)x
- 7

Thy magnitule of €he tensionis JON.
Moss | has acceleration of %805, dowa Ehe incline.

MUSS?.. hos accel®r ot io0n ot (f.?%} straight down,

Check to make sure you included units on your answers. An answer without units is wrong.
Check to make sure you answered the right question. The question could have asked us about the

normal force.
Check to make sure you answered all parts of the question. This problem asks about both the

acceleration and the tension.
You should also check whether your results make sense. We will discuss this check on the next

page...

www.freelance-teacher.com


http://www.freelance-teacher.com/

NEWTON’S SECOND LAW PROBLEMS: MULTIPLE OBJECTS Solution for Video (1)

Do our results make sense?

T2 9.96 N, n= 25.5N, Q= +7.82% ,Q25~+7.82 53

Does it make sense that our results for n and T are positive? The
symbols n and T, written without arrows on top, stand for magnitudes,
and a magnitude can never be negative; so, yes, it makes sense that
our results for n and T are positive. If either of these results were ?
negative, we would know that we had made a mistake. k

Does the size of our result for n make sense? To prevent mass 1 W,
from beginning to move into the surface of the incline, 7 must N
cancel w;,. So, yes, it makes sense that: R

n=255N= |W1y|
Therefore, in the Free-body diagram on the right, I have drawn the
length of the 1 arrow equal to the length of the w,, arrow.

E=25.3 N

Does our result for the magnitude of the acceleration make sense? For this problem,
it is interesting to compare the magnitude of the acceleration with 9.8 m/s?, the
magnitude of free-fall acceleration. Because mass 2 is being held back by the rope,
rather than falling freely, we would expect that mass 2 will fall with an acceleration
that is smaller in magnitude than free-fall acceleration. Our result for the magnitude of
the acceleration (4.82 m/s?) is indeed less than free-fall acceleration (9.8 m/s); so, yes,
our result for the magnitude of the acceleration does make sense.

W, =11. 6N
Are our results for the forces on mass 2 consistent with our —-
result for the sign of a,,? \ \ mass|
The positive direction for mass 2 is straight down, so the \ h_; ¥
positive result for a,, indicates that d, points straight down. This Q; 4!

means that d, is parallelto Vv, , which means that mass 2 is

speeding up. (Acceleration parallel to velocity means the object is o
X

object is slowing down.) = e—==¥ r)

The magnitude of the downward weight force on mass 2 Y
(19.6 N) is greater than the magnitude of the upward tension force > =

. V| @)

downward net force. According to Newton’s Second Law, the J/
downward net force for mass 2 implies a downward acceleration
for mass 2. So yes, our results for mass 2 are consistent with each other. The weight force is trying to
exceeds the magnitude of the tension force, so mass 2 will speed up. In the Free-body diagram above, I
have drawn the arrow for w, longer than the arrow for T, , to match these results.

You could perform a similar analysis to confirm that our results for the forces on mass 1 are

speeding up; acceleration anti-parallel to velocity would mean the

on mass 2 (9.96 N). This means that mass 2 will experience a

speed up mass 2; the tension force is trying to slow down mass 2; the magnitude of the weight force
consistent with our result for the sign of ax.
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Why aix = a,y, if we choose axes that point in each objects’ direction of motion

Here is a useful rule for interpreting the acceleration: If the acceleration vector is parallel to the
velocity vector, then the object is moving with increasing speed; if the acceleration vector is anti-
parallel to the velocity vector, then the object is moving with decreasing speed.

In the diagram, m, = 3.0 kg and m, = 2.0 kg. The pulley is massless and frictionless. Mass 1 is sliding
down the incline; mass 2 is falling. There is a coefficient of kinetic friction p, = 0.40 between mass 1
and the incline. Find the acceleration of the masses, and the tension in the rope.

\7 Imoss| moass’L

P mass 2

b &

T F Lthe masses

T F the masses
ﬂ —\}:J’ Ez_:l ore S/J'Cla:rnj UP. ore S"l°‘ﬂ,""3 down

alx:+a q,x:-‘a

L ;- Pl g s Glys ™ =0 /

In Rithsr cuse
Cl 1x = Q"Z-y
Suppose mass 2 is speeding up. Then, because they are connected by the rope, mass 1 will also be
speeding up. Then d, will be parallelto v, ,and d, will be parallelto v, .So d, will point
parallel to, and down, the incline; and d, will point straight down. So d, will point in the positive
x-direction we’ve chosen for mass 1, and d, will point in the positive y-direction we’ve chosen for
mass 2. So aix will be positive, and a,, will also be positive.
Because they are connected by the rope, the magnitude of the acceleration will be the same for both
objects. So we can represent the magnitude of the acceleration for both objects with the symbol a
(written without an arrow on top). So a:x=+a, and a,,=+a. (Remember that it’s a good habit to include

plus signs in front of positive components.) So ai;,=a,,. This confirms that we were correct to use the
equation a;x=a,y in our solution for this problem.

But things would be different if we had chosen “up” as the positive y- wonar 52| T F £he masses
direction for mass 2! In that case (as shown at right), ax=+a, but a,,=-a. moss) massZ| are Sf*ﬂ"“a .
So a;x=-ay. When possible, it’s best to avoid negative quantities; so you can < L ™" &
see now why it was best to choose the direction of motion for mass 2 ) " o

(“down”) as the positive y-direction for mass 2. So Qi -0y
Now, suppose again that we choose “down” as the positive y-direction for mass 2.

Based on the wording of the problem, it was theoretically possible that both objects might have
been slowing down. In that case, d, would be anti-parallel to v, ,and d, would be anti-parallel to
v, .So d, would point parallel to, and up, the incline; and d, would point straight up. So  d,
would point in the negative x-direction we chose for mass 1, and d, would point in the negative y-

direction we chose for mass 2. So aix would be negative, and a,, would also be negative.

We can still represent the magnitude of the acceleration for both objects with the symbol a. So, in
this case, ax=-a and a»,=-a. So, if both objects were slowing down, it would still be true that ax=auy.
This again confirms that we were correct to use the equation a;x=a,, in our solution of this problem.
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Recap:

We learned how to deal with a problem that involves two objects connected by a rope. For such a
problem, we draw two separate Free-body diagrams, we complete two separate Force Tables, and
we apply the Newton’s Second Law equations separately to each of the two objects.

To complete the Free-body diagram for mass 1, we systematically asked, “What is touching
mass 1?” To complete the Free-body diagram for mass 2, we asked, “What is touching mass 2?”

For a massless rope stretched over a massless, frictionless pulley, the magnitude of the tension
force is the same at both ends of the rope (although the direction of the tension force may be
different at the two ends of the rope). In the first row of our Force Tables, we used this rule to write
T, =T, and T, = T, using the same symbol, 7, to represent both magnitudes.

We used the Addition Method to solve our system of simultaneous equations. The Addition
Method is often the most efficient approach for solving a system of Newton’s Second Law equations
involving multiple objects.

It will simplify your solution if you chooese positive axes for each object pointing in the direction
of motion for that object. It is OK to choose different axes for different objects.

For two objects moving in straight lines and connected by an unstretchable rope, if you choose a
positive direction for each object that points in the direction of motion for that object, then the
acceleration component in the component of motion for one object will equal the acceleration
component in the component of motion for the other object. We used this rule to write the equation
ai1x= asy. Then we used that equation to substitute ay, in for a,, in the Newton’s Second Law y-equation
for mass 2. This helped us by reducing the total number of variables in our Newton’s Second Law
equations. Again, this rule only works if you choose a positive direction for each object that points in
the direction of motion for that object.

Always try to use the exact right symbol, including the exact right subscripts. For a multiple
object problem, we should be careful to use subscripts to distinguish the two objects from each other.
We used ; and , subscripts to carefully distinguish between variables that referred to mass 1, such as
aiy, and variables that referred to mass 2, such as a,,. Notice how different our analysis was for a,
(which equals 0) and a,, (which equals ay).

Remember that a vector symbol with an arrow on top (e.g., 1 ) stands for the complete vector,
including both magnitude and direction. But the symbol without an arrow on top (e.g., n) stands just for
the magnitude.

Think in terms of components. Each Newton’s Second Law equation for this problem refers
specifically either to the x-component or to the y-component. We used , and , subscripts to carefully
distinguish between variables that referred to the x-component, such as a,, and variables that referred
to the y-component, such as a;,. Notice how different our analysis was for a;x (which equals a,y) and a,y
(which equals 0).

Include plus signs in front of positive components. That will help you to remember to include the
crucial negative signs in front of negative components.

We needed to draw a right triangle and use the SOH CAH TOA equations in order to break the
weight force into components. I covered how to break the weight force into components for an inclined
plane problem in detail in my series “Newton’s Second Law problems, explained step by step.”
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Video (2)

Here is a summary of some of the main steps in the solution.

Free-bed Jdiagram | Free-bedy diagram
WI: M:3 § hou ing o.liyélﬂ forces ;;:'n, diyth $’::cc5
:'.'30(‘] 9) exerted on Mass | [ o erted pa mass 2
> by s
__:___2:32-'—\]—-’ TI 2\ TZ.
W= m"% +
= 50(9.8) \ -

‘ N
y x
Forcg Tablt Yo mass ’ T—»x ForckTobly for mass \Ly

" - & maanitudes of LAe
—r; s T w‘z' N T" T <Wow?_m)l force Veciers

LW,7 239N
- T, = O . 20 sz'-‘-o Comfaﬂ?.n'ts of
= O ) - the Sorces

W, *-2¥N| T, = +T W, +yonT, = - T

need

. & g, L
é:Fzyum?azy (111—0]7 At/ &Y; VE)'J\J;-y‘ay

éFnsf— m,oln, - =+ 4520 | G AY, O Vo +245%
21 ¥ :300'7 i +(-T)::) 0 ALy y NP d FiNy ey
-2.28;11: :é—gg"?a“ Ay =Viylt * La,(a8)
9 = goa'_’# Ay* O.5)* L2.9s)(L5)°
) " e 2
196 _ goa, Ay = %(2.49(1.5)

Qy=+7 4§ %

I recommend that you should choose a positive axis for each object that points in the direction of
motion for that object. Therefore, we choose different axes for mass 1 and for mass 2: we choose up
as the positive y-direction for mass 1, but we choose down as the positive y-direction for mass 2. This
allows us to say that axy=aiy. (If you choose “up” as the positive direction for both objects, then a,,#a,!)

The step-by-step solution begins on the next page.
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Two masses, m; = 30 kg and m, = 50 kg, are connected by a massless rope that has been slung over a
massless pulley. The two masses are initially held at the same height, and then they are released. What
is the difference in the heights of the two masses at a time ¢ = 1.5 s after they are released?

?: di§Frreace in /ijhf |.§s after release

mass | mass L
4 rx
Lo ),

o B R el

Make a note of what the question is asking for, as shown above.

Draw the velocity vectors for each object. The direction of an object’s velocity vector indicates the
object’s direction of motion. Because object 2 is more massive than object 1, common sense tells us
that, when they are released, object 2 will fall downwards, which will drag object 1 upwards.
Therefore, we have drawn Vv, pointing up and Vv, pointing down, to indicate the objects’ directions
of motion after they are released.

Check that the given units are SI units. The given units are kg and seconds, which are SI units.

The problem refers to the concept of mass, which fits into a Newton’s Second Law problem-solving
framework. The problem also refers to the concepts of time and distance (“difference in height”), which
fit into a kinematics framework. Therefore, we expect to use both the Newton’s Second Law problem-
solving framework, and the kinematics framework, to
solve the problem

We will use “general” kinematics, as opposed to
“projectile motion” kinematics. “Projectile motion” general one-dimensional kinematics
applies when the only force on the object is the force of
the Earth’s gravity; i.e., “projectile motion” applies

P-difference in ’\173"\{2 Q-Ffer fg_c,

when the only force on the object is the force of the i | L | 2y
object’s weight. Projectile motion does not apply to this
problem because there are other forces on the masses T

besides the weight forces. We will use “one- "
dimensional” kinematics, because each mass is moving Newton’s Second Law
in a straight line

The connecting link between Newton’s Second Law and kinematics is the concept of acceleration.
The masses are moving in the y-component, so we plan to apply kinematics to the y-component, so the
connecting links for this problem will be a;, and as,.

The question asks about the “difference in height”, which is a kinematics concept. So our plan is to
begin with Newton’s Second Law, find a;y and a,y, and then use kinematics to answer the question.
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We usually draw a Free-body diagram for each Free-b 2y Jdiagram Free-bedy diayram
object whose mass is mentioned in the problem. showing all the Forces| showing all the Forces
Draw two separate Free-body Diagrams, one diagram eye ted on Mass | | exerted ga mass 2
showing all the forces being exerted on mass 1, and a - -
separate diagram showing all the forces being exerted on T—l Tz
mass 2.
Use 1 and 2 subscripts to distinguish the forces being )
exerted on mass 1 from the forces being exerted on mass 2: - "
W, vs. w, , T, vs. T, W, W
V £

General two-step process for identifying the forces for your Free-body Diagram for a particular object:
(1) Draw a downward vector for the object’s weight.
(2) Draw a force vector for each thing that is touching the object.

Mass 1 is being touched only by the rope, which exerts a “tension force” on mass 1.
Mass 2 is also being touched only by the rope, which exerts a tension force on mass 2.

Notice that neither object is in contact with a “surface”, so neither object experiences a “normal
force”. Don’t assume that every problem will involve a normal force!

The rule for determining the direction of the weight force is: The weight force always points down.

The rule for determining the direction of the tension force is: The tension force points parallel to the
rope, and away from the object.

This rule is based on the commonsense idea that a rope can only “pull” an object, not “push” it.

The tension force exerted by the rope on mass 1 points parallel to the rope, and away from mass 1.
So the tension force exerted by the rope on mass 1 points up.

The tension force exerted by the rope on mass 2 points parallel to the rope, and away from mass 2.
So the tension force exerted by the rope on mass 2 also points up.
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Begin a Force Table for mass 1, and a Force Table for mass 2.

Ffu"bot)_y dlcjram Ffu'bujj Jlujfw—-
w :mJ 5‘10‘-'.“"3 all the «F,,)/‘(,_S Sg,uln) all tht «For(gs
| exerted on Mass J exerted oo mass 2

=30(3.9) - o
= 294N T, g

_______’______.__-—3

(™ Py

50(9.8) =3

490 N ) W,

1

FOfCt quo[t. ’ybr' moGSS$ I Forn,_lﬁ‘o'b Lor mass L
WERARLY TE7T ,=H90 W | T,= T e-magaitudes of €he

ovirall ferce vecors
: e the Sorces
[J\.);'y-' .J_r'y-‘ *WZY: sz:
In the first row of the Force Tables, we calculate or represent the magnitudes of the force vectors,
using the following three-step method:
(1) If you are given a value for the magnitude of a force, use that value to represent the magnitude.
(2) Otherwise, if a force has a special formula, use the special formula to calculate or represent the
magnitude.
(3) If a force has no given value and no special formula, represent the magnitude by a symbol.
For purposes of filling out your Force Table, do not try to figure out how the forces will interact with

each other. Let the Newton’s Second Law equations figure out those interactions for you, later in your
solution.

We can use the special formula w=mg to calculate the magnitude of the weight force on mass 1, and
the magnitude of the weight force on mass 2.
There is no special formula for the magnitude of the tension force, so we will represent the
magnitude of the tension force at each end of the rope with a symbol.

For a massless rope stretched over a massless, frictionless pulley, the magnitude of the tension
force is the same at both ends of the rope, although the direction of the tension force may be different
at the two ends of the rope. (The problem does not explicitly state that the pulley is frictionless, but for
an introductory course, we can assume that the pulley is frictionless unless the problem indicates
otherwise.')

So, we can use the same symbol, T, written without an arrow on top, to stand for the magnitude of the
tension force on mass 1, and for the magnitude of the tension force on mass 2.

1  The assumption that the pulley is frictionless also justifies our earlier conclusion that the masses will definitely begin
moving after they are released.
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F/‘t{“b"‘)“j Jisgram | Free-bedy disyram

. howing all €he Forces | ghouing all €ht Forces
[/U| fj;’ (CI 8) zxerfzdgﬂ Mass | exerted on mass 2

e D : L »

= 299 N —rl TZ
_‘_____,__.—--—'——'_',
(/\-J2: m‘z.%

=5009.3) &)9

- 490N J =

4 x
Force Table Yor moss | Lx ForceToble for mass2 \Lj
= 5 T nituwies of €4
(,QJ:'Z‘?“/M T;“ g U\)__,-Lf‘?UN [ 2T %=me des e

ov¥roll force vectors

- O -}_’1 = O (AJ :O T2x:o ComﬁunQn’tS of
(")'-“_ ; = the Sorces
Wy, =2 T B W, =+ 4aoNT, =~ T

Before we can break the forces into components, we must choose our axes. As a beginning physics
student, for multiple object problems, I recommend that you should choose the direction of motion
for each object as the positive direction for that object. It’s OK to choose different axes for different
objects!

We decided earlier that, because m, is greater than m;, mass 2 will fall downwards, and mass 1 will be
dragged upwards.

Mass 1 is moving up. So for mass 1 we choose a y-axis that points up.

Mass 2 is moving down. So for mass 2 we choose a y-axis that points down. (Some professors
might choose “up” as the positive direction for mass 2, but in my opinion that is an inferior approach
for a beginning physics student.)

Let’s choose an x-axis that points right for both objects.

For this problem, we can use this rule to determine the components for all the forces: If a vector is
parallel or anti-parallel to one of the axes, then the component for that axis has the same magnitude and
direction as the overall vector; and the component for the other axis is zero.

Notice that w;, is negative, while T}, is positive, because “up” is our positive y-direction for mass 1.

In contrast, w,, is pesitive, while T,, is negative, because we chose “down” as our positive y-
direction for mass 2.

Include a “+” sign in front of all positive components. This will help you to remember to include
the crucial “-” signs in front of negative components.

Remember that the signs of the components depend on the axes you choose. If we had chosen

different axes (for example, if we had decided to choose “up” as our positive y-direction for both
objects), then we would have obtained different signs for the components.
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4 X

Foru Table Yor moss | Lx ForceToblr for mass2 r
% - '_' nite B'I: ‘éfl
w2990 | T T W,=470N | T,= T magaitus of the

ovZrall force vectors

- T, = O W =0 T‘zx:O Components of
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Next, write the Newton’s Second Law equations, as shown below. The masses experience forces
only in the y-component, not in the x-component. So we write Newton’s Second Law equations only
for the y-component. For this problem, there is no need to write the Newton’s Second Law equations
for the x-component.

Write the general Newton’s Second Law equations before you plug in specifics. As a beginning
physics student. you will have better understanding, and make fewer mistakes, if you make it a habit to
write the general equations before you plug in specifics.

Always try to use the exact right symbol, including the exact right subscripts. For a multiple object
problem, we use subscripts to distinguish the two objects from each other. Use ; and , subscripts to
carefully distinguish the Newton’s Second Law equation for mass 1 from the Newton’s Second Law
equation for mass 2. Also, use y subscripts to emphasize that both of our Newton’s Second Law
equations apply specifically to the y-component.

As shown below, on the left side of each equation we add the individual force components, which
we determined in our Force Tables. Be sure to include negative signs when you add negative
components, such as wy, and 7»,.

For two objects moving in straight lines and connected by an unstretchable rope, if you choose a
positive direction for each object that points in the direction of motion for that object, then the
acceleration component in the component of motion for one object will equal the acceleration
component in the component of motion for the other object.

We have chosen a positive y-axis for mass 1 that points in the direction of motion for mass 1. And
we have chosen a positive y-axis for mass 2 that points in the direction of motion for mass 2. So we can
write the equation a,, = a,y, as shown below. Then we can use that equation to substitute a,y for a,, in
the Newton’s Second Law equation for mass 2, as shown below. This helps us by reducing the total
number of unknowns in our Newton’s Second Law equations.

2 N\

4T MGy | AR Ma0410,7 0y,
2y 4T =30Q,, | 990+(T) <5 0q,,

(If you choose “up” as your positive y-direction for both masses, then a;,#2a,,! I discuss this issue
more toward the end of this solution.)
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£ N
éF :m,Cl‘ éF‘Zy:muaz)’ C’.]Y:O-‘Zy
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/
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Together, the Newton’s Second Law y-equation for mass 1 and the Newton’s Second Law y-
equation for mass 2 form a system of two equations with a total of two unknowns (T and a;y). The most
efficient way to solve this particular system of equations is the Addition Method, as illustrated below.

s v
é_w:ﬁhqw A N Qiy= Qs

490 +(-T) ?50 =

_Z.C]Lf +7 % ?700..';_.

19¢  =90a.,

iié:l§%9aq
¥O O

Qi =+7/ Ys ‘%
S
For this problem, the Addition Method for solving the system of equations is more efficient than the
Substitution Method. The Addition Method works well for this problem because the two equations are
already written in a form such that the variable T will cancel out when the equations are added to each
other. The Addition Method is often the best approach for Newton’s Second Law problems involving

multiple objects.

294 +T =30q,
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Knowing the value of a;y also tells us the value of ay,.

For this problem, we don’t need to know the value of T to answer the question—but let’s determine
T anyway, since knowing the value for T will help us to check whether our results make sense.

N & By
Z, g oLy £Fay MaOey Uem
s =42 453
¢ 47 =30a}] 49+(1=50a, 2

‘Z.q"f +] = SOQQ’#

196  =90a.,
_}ié:; O,
¥ O O

Q=+ 4YS “'r;—é

-79Y4 4T = 2 OO.,

-294 + T =30(2.45)
= #TE T3S
+294 +294

T=367.5N

We have used the Newton’s Second Law equations to ?=differeace in height after .55
determine a;y and ay. ’

Next, in accord with our initial plan, we will apply

kinematics to finish solving the problem. general one-dimensional kinematics

Qly, O'Q)’

[

Newton’s Second Law
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We haven’t yet answered the question, which is asking . FESeirniee 1A ht33h'l: after 1.5 s
for the difference in height after 1.5 s. To answer this i
question, we must now shift to a general one-dimensional
kinematics framework, in accord with our initial plan. general one-dimensional kinematics
The connecting link between Newton’s Second Law
and constant-acceleration kinematics is the concept of

acceleration. The masses are moving in the y-component, a 1y, O_27
so the connecting link for this problem will be a,.
We already determined the block’s acceleration from T

the Newton’s Second Law equations, so we can now take
that result for acceleration and substitute it into the
kinematics framework.

Newton’s Second Law

There are two types of kinematics in an introductory course: (1) “constant velocity”, and
(2) “constant acceleration with changing velocity”.

In this problem, the masses begin at rest, and then start moving. This means that each mass’s
velocity changes. So the velocity is changing, not constant.
We have already determined that the magnitude of the acceleration is 2.45 m/s* Since the

L . o . m/s
acceleration is nonzero, that confirms that the velocity is changing (at a rate of 2.45—— ).
S

Is the acceleration constant? The acceleration is determined by the net force. The forces we have
identified in our force table are all constant. Since the forces are all constant, the net force on the object
is constant. According to Newton’s Second Law, the net force determines the acceleration; so, when the
net force is constant, we know that the acceleration is constant.

In fact, in our solution so far we have already determined that the acceleration has a constant
magnitude of 2.45 m/s? during the entire interval we are considering.

So for this problem we will apply constant acceleration with changing velocity kinematics.

Think in terms of components. The masses are moving only in the y-component. Therefore, we will
apply kinematics only to the y-component.
The general kinematics variables for the y-component are: At, Ay, viy, Vi, and ay.

Notice that, when applying kinematics to the y-component, we use the symbol Ay, rather than the
symbol Ax. Ay stands for the y-component of the displacement. (For this problem, Ax will be zero.)

Notice that we include y-subscripts for vy, v, and a,, because they represent y-components.

Notice that our kinematics symbols vi; and vy, take it for granted that the velocity is changing. That’s
why we need separate symbols for the initial velocity and the final velocity.

Notice that our kinematics symbol ay takes it for granted that the acceleration is constant. That’s
why we can use the same symbol, ay, to refer to the acceleration at any point during the interval.
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Build as much kinematics information as possible into your sketch.
The problem asks us to compare the final heights of both masses, so we will build kinematics
information about both of the masses into our sketch.

We draw the masses’ paths of motion in our sketch.

We indicate the key points in time in our sketch: t;, when the masses are released, and t; = 1.5 s. We
make the standard simplifying assumption that t,= 0. (The problem’s reference to “a time t = 1.5 s after
they are released” presupposes that t, = 0.)

We label ¢, and t; as the “initial” (i) and “final” (f) points. The initial and final points are the two
points that we will substitute into our kinematics equation.

Most general one-dimensional kinematics problems involve an object that either begins or ends at
rest, so that either the initial velocity or the final velocity is zero. This problem says that the masses are
“held” and then “released”. This wording implies that the masses begin moving from rest. Because the
problem implies that the masses begin from rest, we know that v,, = 0 for both masses. Add this
information to your sketch, as shown below.

Think in terms of components. The objects are moving in the y-component; so, we plan to apply
kinematics to the y-component; so, we focus specifically on the kinematics variable for the y-
component, Voy.

When possible, build the question into the sketch. The question is asking us for the difference in
height between the two blocks after 1.5 s; we can build this question into the sketch, as shown below.
Two masses, m; = 30 kg and m, = 50 kg, are connected by a massless rope that has been slung over a
massless pulley. The two masses are initially held at the same height, and then they are released. What
is the difference in the heights of the two masses at a time ¢ = 1.5 s after they are released?

MGSS{ )’V‘GSSZ
Y \L_)x
L?‘( Y

§ 4. 505 mes & e

nlal | e

EJ\’.y:D,faZD“ &

. e --t.:!-55J¥

Be careful to draw a sketch that is neat and clear.
Draw a large sketch, so that there’s sufficient room to clearly build all necessary information into
the sketch.
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Because they are connected by the rope, both masses will travel the same distance. So we only need
to apply a kinematics equation to one of the two objects—say, mass 1.

Write down your kinematics “setup” for mass 1, as shown in the rightmost column below." The
kinematics “setup” consists simply of a list of the five general kinematics variables, and, underneath,
a list of the specific numbers and symbols we are substituting for each of those variables.

Think in terms of components. Mass 1 is moving only in the y-component; so, we will apply
kinematics only to the y-component; so, we write the kinematics variables specifically for the y-
component. (For example, we use the symbol Ay, rather than the symbol Ax.)

The problem tells us that the time that elapses (At) is 1.5 s.

In order to determine the final difference in heights, we need to find Ay. Indicate that Ay is the
kinematics variable you need to determine, as shown in the setup below.

The problem implies that the objects begin at rest, so v;, = 0.

We have already used the Newton’s Second Law equations to determine that a;, = +2.45 m/s’.

need

= W Jd
é ;Y: m.Chy éFzyhm-any O.z-,"Cl.), AtJAYJ Vly“\);)’;ay
'2':1!" +T :300-:; 490 +(-T) :5—0 O,,, :-1-2;"!5%"" {-gg_/ AYJ @) 3 V,y)-l-’lﬁs'%

1907 '—500.{{qdd

(96 =90a,

294 4T =30Q,

-294 + T =30(2.45) ‘T

..'quf + T — 7—3-6‘ .—}—-—-—_. %

+294 iy ¥0 -
T =35L5N

Qy,=+72 4§ %ﬁ

1 Technically, the correct symbols for the y-components of the initial and final velocity for mass 1 are vy, and vy, to
indicate that the symbols refer to mass 1. But writing three subscripts is awkward; so, instead, it is preferable to simply
write “mass 1” above the kinematics variables, to indicate that we are using each of those variables to refer to mass 1.
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When we know values for three kinematics variables, we are ready to choose a kinematics equation.
We do know three kinematics values (At, v;, and a,), so we are ready to choose a kinematics equation.

Kinematics Equations for constant a, with changing v,

y equations missing
variables
1 v
.ﬂy:viy.ﬂﬁiay(ﬂt)z f“
vi:vfy+2q},.ﬂy At
v, =v, +a At Ay

On this problem, the kinematics variable that we do not care about is vy, so we choose the

. . . o 1
kinematics equation that is missing v: A y=v, A t+-a JAe)?

need

= > o
éF'Y‘; mlc{“/ é:Fzy‘quLZ), O""—Q‘)’ At/AYJ Viy,\){.y,a)’
a4 4T =300a,h/ 7% +(-0=50a., S5 log by, O, Vi #1458

490~T = 50, - L 3
-29Y4 +T = 30q§fdd AY‘UIVAJ” La,(at)

< O(.5)*L2.45)(L5)°
o P S hda g
ﬁ_é-:_ ¥Ba, AY e .

40 90~ A,y:+2.76 m
Q'r=+2.Lf5—f—;*2

-294 +T =30q,
-794 + T =30(2.45)

29 1= 134
+29Yy +299

T=367.5N

If there’s enough room on your paper, write your kinematics work in a column adjacent to the
columns for your Newton’s Second Law equations, as illustrated above.

As illustrated above, you should write the general kinematics equation, A y=v; A t+la y(A t)

before you plug in specifics. As a beginning physics student. you will have better understanding, and
make fewer mistakes, if you make it a habit to write the general equation before you plug in specifics.

When we write ay by itself, we include a “+” sign, to emphasize that the component is positive
(+2.45 m/s?). But, when we substitute a, into the kinematics equation, we leave out the “+” sign, to
avoid cluttering the equation.

Ay stands for the y-component of the displacement. Our result for Ay is positive. It’s a good habit to
include “+” signs on positive components, so we include a “+” sign on our result for Ay (+2.76 m).

Always include units on your results. All the numbers we substituted into the kinematics equation
are in SI units, so we can trust that our results are in SI units. The SI units for displacement are meters.
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We have found that Ay for mass 1 is +2.76 m. Our positive y-direction for mass 1 is “up”. So, our
result for Ay tells us that, during the 1.5 s interval between ¢, and t;, mass 1 rises a distance of 2.76 m.
Build this information into the sketch, as shown below.

Because they are connected by the rope, the distance that mass 2 falls is equal to the distance that
mass 1 rises. So, during the 1.5 s interval, mass 2 falls a distance of 2.76 m. Build this information into
the sketch, as shown below.

Our sketch now makes it clear that, after 1.5 s has elapsed, the difference in the heights of the two
masses is 2.76 m + 2.76 m = 5.52 m.

Remember, for a kinematics problem, make an effort to draw a large, neat, clear sketch, and to
build as much information as possible into the sketch, as illustrated below.

Two masses, m, = 30 kg and m, = 50 kg, are connected by a massless rope that has been slung over a

massless pulley. The two masses are initially held at the same height, and then they are released. What

is the difference in the heights of the two masses at a time ¢ = 1.5 s after they are released?

?: 1§ Frreace 11 Aeiﬁhi’ after /.S

mass | »MGSSZ
VL rﬂ
b 4

.‘;.Jtl':LEsT-w -_} -

2.76m
LA [
“0,4,20-- ;r--fo:o, W~

%=550mY 926 m

\|( _\L ty=lbs

L, Vey

]

AAsSwes:
The d1¥frrentt 1na 1/\&:3% sk bime ETLE

Check that you included units on your answer. An answer without units is wrong.

Check that you answered the right question, and that you’ve answered all parts of the question. The
question could have asked us for the mass’s velocity after 1.5 s, or for the tension in the rope, instead of
or in addition to the difference in height.

Check that your results make sense. We will discuss this check on the next page.
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Do our results make sense?

O s mass 2
7’»]\_) \ij

.?- t —:-I 55 - = = ==
= (o ) = .
vla) 2 vl 2 GRS | RAEY
m
L,V%y=0.£,20- L[ﬂ - tez0,va, 0,2 | Dy For moss 1= +2.76 m
225.52mY{ 2 56 m T =367.5N

—-~\L--- -L € =loe ¥

Does it make sense that our results for a;, and a,, are both positive? The positive direction for
mass 1 is up, and the positive direction for mass 2 is down. So d, points up, and d, points down,
as drawn in the sketch above. Does that make sense?

In general, the direction of the acceleration vector does not indicate the object’s direction of motion.
But when an object begins from rest, the direction of the acceleration does indicate what direction the
object will begin moving. Because m,>m;, we expected mass 2 to begin moving down, and mass 1 to
begin moving up. So, yes, it does make sense that our results for a;y and a,, are both positive.

Is our result for T consistent with our results for the directions of d, and d, ? T,=375N | T,=3675 N
Our result for w; (294 N) is less than our result for T (367.5 N), so the net force on A A
mass 1 points up. Our result for w, (490 N) is greater than our result for T (367.5 N),
so the net force on mass 2 points down. According to Newton’s Second Law, the net
force determines the acceleration; so, based on the forces, we would expect d, to ! 4
point up, and d, to point down. This is consistent with our results for the
directions of d, and d, ; so, yes, our results are consistent. In the free-body \

. = W,=2%N
dlagrams at right, I have drawn T longer than w, , T, the same length as - -\49 o
=

T1 and w, longer than T2 , to reflect the relationships between these forces.
Does the magnitude of our result for the acceleration make sense? Because mass 2 is being held
back by the rope, rather than falling freely, we would expect mass 2 to fall with an acceleration that is
smaller than free-fall acceleration. Our result for the magnitude of the acceleration (2.45 m/s?) is indeed
less than 9.8 m/s?; so, yes, our result for the magnitude of the acceleration does make sense.

Does it make sense that our result for Ay for mass 1 is positive? The positive direction for mass 1 is
up, so our result indicates that mass 1 is being displaced upward. Again, we expected that mass 1 would
move upward; so, yes, it makes sense that our result for Ay for mass 1 is positive.

Does the magnitude of our result for Ay (2.76 m) make sense? 1 meter is roughly 1 yard, and 1 yard
equals 3 feet. During the 1.5 s interval, each object moves roughly 3 meters, which is roughly 3 yards,
or 9 feet. In this situation, I think that’s a plausible distance for the objects to move in 1.5 seconds.

The final difference in height is 5.5 m. This is roughly 5 yards, which is 15 feet. So, in order for
there to be enough room for the masses to move during the 1.5 second interval, the pulley must be
mounted at least 15 feet above the floor. 15 feet is pretty high, but not so high as to be implausible.
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Why a,y = a,y, if we choose axes that point in each objects’ direction of motion

In general, the direction of the acceleration vector does not indicate the object’s direction of motion.
But when an object begins from rest, the direction of the acceleration does indicate what direction the
object will begin moving.

In this problem, the objects begin at rest, and then mass 1 begins moving up, and mass 2 begins
moving down. So, d, will pointup, and d, will point down, as drawn below.

Two masses, m, = 30 kg and m, = 50 kg, are connected by a massless rope that has been slung over a
massless pulley. The two masses are initially held at the same height, and then they are released. What
is the difference in the heights of the two masses at a time ¢ = 1.5 s after they are released?

mass | mass 2
Y l—"‘
T—)K 4

7 7 Q,=+a
AENEEA | -
' . d S @) Q ly = O‘Z}f
E’LT d.l AUy =+a
So d, will point in the positive y-direction we’ve chosen for mass 1, and d, will point in the
positive y-direction we’ve chosen for mass 2. So a;, will be positive, and a,, will also be positive.
Because they are connected by the rope, the magnitude of the acceleration will be the same for both
objects. So we can represent the magnitude of the acceleration for both objects with the symbol a
(written without an arrow on top). So a;,=+a, and a,=+a. (Remember that it’s a good habit to include

plus signs in front of positive components.) So aiy=a,,. This confirms that we were correct to use the
equation a;y;=ay, in our solution for this problem.

But things would be different if we had chosen “up” as the positive y- What if:
direction for mass 2! In that case (as shown at right), a;,=+a, but a,,=-a. moss | [mass <
So a;y=-a»y. When possible, it’s best to avoid negative quantities in your ‘/L VL
solutions; so you can see now why it was best to choose the direction of X X
motion for mass 2 (“down”) as the positive y-direction for mass 2. So Q=" 027
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Recap:

Based on the concepts that were mentioned in the problem, we expected to apply both Newton’s
Second Law and general one-dimensional kinematics to solve the problem. If there’s sufficient room
on your paper, arrange your Newton’s Second Law equations, and your kinematics work, in adjacent
columns. This help to keep the math organized.

It simplified our solution to choose positive axes pointing in each object’s direction of motion.
For this problem, that meant choosing different y-axes for mass 1 and for mass 2.

For a massless rope stretched over a massless, frictionless pulley, the magnitude of the tension
force is the same at both ends of the rope, although the direction of the tension force may be different
at the two ends of the rope. In the first row of our Force Tables, we used this rule to write 7; = T, and
T, = T, using the same symbol, 7, to represent both magnitudes.

Since we chose different axes for the two masses, we had to be extra careful to get the correct
“+” and “-” signs for the components in our Force Table. We had to be careful to determine the
signs for the components for each mass based on the positive y-direction we had chosen for that mass.

For two objects moving in straight lines and connected by an unstretchable rope, if you choose a
positive direction for each object that points in the direction of motion for that object, then the
acceleration component in the component of motion for one object will equal the acceleration
component in the component of motion for the other object. We used this rule to write the equation
a1y = a,y. Then we used that equation to substitute a;, in for a,, in the Newton’s Second Law y-equation
for mass 2. (But, if you choose “up” as the positive y-direction for both objects, then a;,#as,!)

We obtained a system of two equations in two unknowns. For the particular equations that we
obtained, the most convenient way to solve the system of equations was the Addition Method.

For a kinematics problem, organize the kinematics data with a list of mass |
the five general kinematics variables, as shown at right. Underneath need
your list of the general kinematics variables, write the specific numbers
and symbols that apply for the problem, as shown at right. At 5 &Y, Vi y Vg o @l y
Use acceleration as the connecting link between Newton’s Second |.Ss AY, O V., . +145%
. . call= / VA s?
Law and kinematics.

For a kinematics problem, build as much kinematics information as possible into your sketch. And
when possible, build the question into the sketch, as we did for this problem. Draw a /arge sketch, so
that there’s sufficient room to c/early build all necessary information into the sketch.

The wording of the problem implied that the objects began from rest, so v, is zero.

Always try to use the exact right symbols, including the exact right subscripts. In this problem,
the objects were moving only in the y-component. So we applied kinematics to the y-component. So, in
our kinematics setup, we write the kinematics variables specifically for the y-component: we write Ay,
rather than Ax; and we include , subscripts for vy, v, and a,.

Use , subscripts to emphasize that, for this problem, both of our Newton’s Second Law equations
refer to the y-component.

Use ; and , subscripts to distinguish symbols that refer to mass 1 (e.g., m; and Tl ) from symbols

that refer to mass 2 (e.g., m, and Tz ).
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Video (3)

This page and the next summarize the solution for this problem. After the solution summary, we
present the step-by-step solution.

Let’s call the 60 kg box, box A, and the 140 kg box, Box B.
Part (a) of the problem asks us to draw the Free-body diagrams for box A and for box B. Those
diagrams are shown below.

Free-bedy diagram | Free-bedy diayram sﬁﬁ;b:fﬁﬂ;:?(mgp nal Forces
) shouing all the Forces | showiny all the forces| exertedon the fcombined object
P exerted on box A |exertedoa box B h"’
Rox B — BC
Box A h"’ n FB
? FA — = - 4 -$ -
650N 40 Aﬂ F(A—T Fape Tea Npg FC Fope
60kg N l 3 = >
BA
@, M
wa
ﬁ
We

We have also drawn the Free-body diagram for the “combined” object; the “combined” object
consists of both box A and box B, treated as a single object. Because the two boxes remain in contact
without sliding relative to each other, it’s convenient to treat them as a single combined object.

The Free-body diagram for the combined object is not required for part (a) of the problem. We are

drawing the Free-body diagram for the “combined” object because it will provide us with a simpler
solution for parts (b) and (c) of the problem, as shown on the next page.
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Here is a summary of the key steps in the solution for parts (b) and part (c).

F! -bad B s F.r'ee-imd‘I~ll Bt

w mc _F = n s:-o:?’!’ nliyfha 'Firces 5 !HEE-“‘Q;&I. £ object
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i e e .l e | 8 o

fd = P A AFE 2”8 2
- )90(9.8) =0.1N¢4 b
=[372N wa

-—.-;

Force Table $or the Combined sbject i
(A)c_:HEON Nec 'g'rc:-}nFC “F!’-ESON

& Ma nitudes of the
ovirall Force vecers

ke =+(SON 5
(/\)c,{'-'- O mrc,: O ‘Frc,x_ ',nFc e b 3“‘“!‘” ents of
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+650=2000, | 1%O 7 Nec =0 (= |(1372)#n."HOG, [~1377 +‘nF& =)
“ ] (1%0) ainale 2 Necs 1960N = 1 (1372) rpsli0fz) (g = 372 N
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Our result is that nap is 455 N. From Newton’s Third Law, we know that np, also equals 455 N.

In the solution above, we applied Newton’s Second Law to box B, and to the “combined” object.
On the next page, we present the step-by-step version of this solution.

It is also possible to solve the problem by focusing on box A and on the combined object; or by
focussing on box A and on box B. At the end of this solution, we will briefly summarize the solution
that applies Newton’s Second Law to box A and to box B.
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Here is the step-by-step solution to the problem.
Two boxes, with masses 60 kg and 140 kg, are resting on a horizontal floor. Then a 650 N force is
applied to the 60 kg box, so that the boxes slide to the right. The coefficient of kinetic friction is 0.10.
(a) Draw a free-body diagram for the 60 kg box, and a free-body diagram for the 140 kg box.
(b) Find the acceleration of the boxes.
(b) Find the force that each box exerts on the other.

_>T? (a)?: Ffee.‘body dio.sra.ms 'For B°X H and Box B

op 2o (D)3 a , 2=dindion of &

—_ ? - ; H =y

650N |40 k| (©) €= Npg , © = lirection of Ny,
- -

60h3 ? = Naa , ?=direction of Ng,

The problem refers to the concepts of free-body diagrams, mass, applied force, frictional force,
acceleration, and the forces that the boxes exerted on each other. All of these concepts fit into a
Newton’s Second Law framework, so we plan to use the Newton’s Second Law problem-solving
framework to solve the problem.

(The concept of acceleration also fits into a kinematics framework, but there are no other kinematics

concepts mentioned in the problem, so we do not expect to use a kinematics framework for this
problem.)

Give the boxes names. Let’s call the 60 kg box, “box A”; and let’s call the 140 kg box, “box B”.

When possible, represent what the question is asking you for with a symbol, or a combination
of words and a symbol. We can use symbols and words to represent to questions for parts (a), (b), and
(c), as shown above.

To make them easier to refer to, let’s call the 60 kg box “Box A”, and the 140 kg box “Box B”.

Because the boxes remain in contact without sliding against each other, we expect them to have the
same acceleration, so we can use the same symbol, d , to stand for the acceleration of both boxes.

As we will discuss on the next page, the boxes exert normal forces on each other, so we can use the
symbols 1,; and njg, to represent the force of box A on box B, and the force of box B on box A.

(Some professors would represent these two forces as  F g and F A -
The symbols a, nas, and nga, written without arrows on top, all stand for magnitudes.

Draw the velocity vector for the objects. The velocity vector indicates the objects’ direction of
motion.

The problem tells us that the boxes slide to the right. Therefore, we have drawn a velocity vector
pointing to the right to indicate the boxes’ direction of motion. Because the boxes remain in contact
without sliding against each other, we expect them to have the same velocity, so we can use the same
symbol, Vv , to stand for the velocity of both boxes.

Check that the given units are SI units. The problem uses kg and Newtons, which are SI units.
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Part (a) of the problem asks us to draw a Free-body diagram for box A and a Free-body diagram for
box B. Let’s begin by identifying the forces for the Free-body diagram for box A.

General two-step process for identifying the forces for your Free-body Diagram for a particular object:
(1) Draw a downward vector for the object’s weight.
(2) Draw a force vector for each thing that is touching the object.

Box A will experience a weight force (the gravitational force exerted by the Earth on box A).

Box A is being touched by the floor. The floor is a “surface”, which will exert both a normal force
and a frictional force on Box A. The floor will exert kinetic friction on box A, because box A is sliding.

We use lower-case f to symbolize friction: fFA
(The most accurate symbol would be fk,FA , but to avoid the awkward use of three subscripts, for this
problem we will usually write the symbol as ., .)

Box A is also being touched by box B.

In a “multiple object problem” that involves two objects in contact with each other, each
object will usually exert a normal force, and possibly a friction force, on the other object.

So Box B will exert a normal force on Box A, which we can symbolize as 1y, . (For this problem,
some professors and textbooks would choose to symbolize this force as F Ba -)

In this situation, there is no need for box B to exert a friction force on box A. If box B did exert a
friction force on box A, it would be a vertical force; but the normal force from the floor will be able to
prevent box A from sliding vertically against box B, without needing any help from a vertical friction
force.

Box A also experiences the 650 N applied force. The information given in the problem tells us that

this force is being applied to Box A, even though we don’t know who specifically is touching Box A in
order to exert this force.
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Part (a) of the problem also asks us to draw the Free-body diagram for box B.

General two-step process for identifying the forces for your Free-body Diagram for a particular object:
(1) Draw a downward vector for the object’s weight.
(2) Draw a force vector for each thing that is touching the object.

Box B will experience a weight force (the gravitational force exerted by the Earth on box B).

Box B is being touched by the floor. The floor is a “surface”, which will exert both a normal force
and a frictional force on Box B. The floor will exert kinetic friction on box B, because box B is sliding.

Box B is also being touched by box A.

In a “multiple object problem” that involves two objects in contact with each other, usually
each object will exert a normal force, and possibly a friction force, on the other object.

So Box A will exert a normal force on Box B, which we can symbolize as 11, . (For this problem,
some professors and textbooks would choose to symbolize this force as F A -)

There is no need for box A to exert a friction force on box B. If box A did exert a friction force on
box B, it would be a vertical force; but the normal force from the floor will be able to prevent box B
from sliding vertically against box A, without needing any help from a vertical friction force.

Use subscripts to distinguish the forces from each other:
w, = the weight force exerted by the Earth on box A (could also be symbolized as Wy, )
w, = the weight force exerted by the Earth on box B (could also be symbolized as Wy )
ng = the normal force exerted by the floor on box A

-

ngz = the normal force exerted by the floor on box B

m = the kinetic friction force exerted by the floor on box A

frs = the kinetic friction force exerted by the floor on box B

n,; = the normal force exerted by box A onbox B (could also be symbolized as F B )
ng, = the normal force exerted by box B onbox A  (could also be symbolized as F Ba )
F_ =the650N applied force, exerted by some unknown person or thing on box A
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Solution for Video (3)
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Now, let’s draw the Free-body diagram for the “combined” object; the “combined” object
consists of both box A and box B, treated as a single object. Because the two boxes remain in contact
without sliding relative to each other, we can treat them as a single combined object. We are drawing
the Free-body diagram for this “combined” object because it will provide us with a simpler solution for
parts (b) and (c) of the problem.

General two-step process for identifying the forces for your Free-body Diagram for a particular object:

(1) Draw a downward vector for the object’s weight.

(2) Draw a force vector for each thing that is touching the object.

The combined object will experience a weight force.

The combined object is being touched by the floor. The floor is a “surface”, which will exert both a
normal force and a kinetic friction force on the combined object.

The combined object also experiences the 650 N applied force.

In the Free-body diagram for the combined object, we do not include any “internal” force that is
exerted by one part of the combined object on another part of the combined object. Therefore, we do
notinclude 1,, or Mg, inthe free-body diagram for the combined object. That’s the reason that
focusing on the combined object will simplify our solution to parts (b) and (c)!

Use subscripts to distinguish the forces from each other:

W, , Wg,

We

= the weight forces exerted by the Earth on box A, on box B,
and on the combined object

Mgz , Npe = the normal forces exerted by the floor on box A, on box B,

and on the combined object
, f B s fFC = the kinetic friction forces exerted by the floor on box A, on box B,
and on the combined object

n,; = the normal force exerted by box A on box B
= the normal force exerted by box B on box A

(could also be symbolized as F )
(could also be symbolized as F A )

= the 650 N applied force, exerted by some unknown person or thing on box A
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The weight force always points down. So the weight forces onbox A( w, ),onboxB( w; ),
and on the combined object ( w, ) all point down.

The normal force exerted by a surface on an object points perpendicular to, and away from, the
surface that is touching the object. (In math, “normal” means “perpendicular”.)

So the normal forces exerted by the surface of the floor on box A( 7 ), onbox B ( n.; ), and
on the combined object ( 1. ), all point perpendicular to, and away from, the surface of the floor. So

Mg , Mgy , Mg all point up.

The normal force exerted by box B on box A ( 1, ) points perpendicular to, and away from, the
surface of box B that is touching box A. So ng, points left.

The normal force exerted by box A on box B ( n,; ) points perpendicular to, and away from, the
surface of box A that is touching box B. So 1, points right.

The kinetic friction force exerted by a surface on an object points parallel to the surface, and
opposite to the direction that the object is sliding. (Friction opposes sliding.)

The boxes are sliding to the right, so the frictional forces exerted by the floor on box A ( f m ), on
box B ( fFB ), and on the combined object ( fFC ), all point left. Notice that the friction forces are
parallel to the horizontal surface of the floor.

The sketch given in the problem indicates that the applied force, F ap » DOINS right.

We can use Newton's Third Law to check that our directions for n,, and 7,; are correct.
Newton’s Third Law says that, if object 1 exerts a force on object 2, then object 2 exerts a force on
object 1; the two forces are referred to as a “Newton’s Third Law pair”. The direction of F Lono Wil
be opposite to the direction of F »on1 - And the two forces will have equal magnitudes: Fion2 = Faoni.
ng, and n,; formaNewton’s Third Law pair. So we expect that the direction of 1, will be
opposite to the direction of 7,; . We have decided that 1, points left and that 7, points right.

Those directions are indeed opposite to each other, so the directions we found for these two forces are
consistent with Newton’s Third Law.
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Since we have completed the Free-body diagrams for box A and for box B, we have now answered
part (a) of the problem.

There are three possible methods that we could use to solve parts (b) and (c) of the problem:
Method 1: We can apply Newton’s Second Law to box A, and to box B.
Method 2: We can apply Newton’s Second Law to box A, and to the combined object.
Method 3: We can apply Newton’s Second Law to box B, and to the combined object.

Notice that, in each of these methods, it’s only necessary to apply Newton’s Second Law to two of
the three possible objects.

Which of these three approaches will be the simplest method for solving parts (b) and (c)?

There are five forces in the Free-body diagram for box A.

There are only four forces in the Free-body diagram for box B, and there are only four forces in the
Free-body diagram for the combined object.

So box B and the combined object are experiencing fewer forces than box A.

So the simplest method for solving parts (b) and (c) is Method 3: we will apply Newton’s Second
Law to box B, and to the combined object.

This is why we chose to draw a Free-body diagram for the “combined” object, even though that
free-body diagram is not required to answer part (a) of the problem.

Remember, the “combined” object consists of both box A and box B, treated as a single object.
Because the two boxes remain in contact without sliding relative to each other, we can treat them as a
single combined object.

In general, for a problem that involves multiple objects that remain in contact without sliding
relative to each other, solution methods that involve applying Newton’s Second Law to the “combined”
object will be simpler than solution methods that involve applying Newton’s Second Law only to the
“individual” objects.

To execute Method 3, we will need to complete a Force Table for box B, and a Force Table for the
combined object.

Since we are using Method 3, we will nof need to complete a Force Table for box A. In fact,
Method 3 does not require any use of the Free-body diagram for box A.

So, if part (a) had not asked us to draw the Free-body diagram for box A, and if our plan was to use
Method 3 to solve the problem, then there would have been no need for us to draw the Free-body
diagram for box A.

For the sake of completeness, at the end of this solution, I will briefly summarize how to solve
parts (b) and (c¢) using Method 1.
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Begin a Force Table for box B, and a Force Table for the combined object.
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In the first row of each Force Table we represent the magnitudes of the forces:

(1) If you are given a value for the magnitude of a force, use that value to represent the magnitude.
(2) Otherwise, if a force has a special formula, use the special formula to represent the magnitude.
(3) If a force has no given value and no special formula, represent the magnitude by a symbol.

We are given a value for the magnitude of the applied force, 650 N. We can use the special
formula w=mg to calculate the magnitudes of the weight forces on box B and on the combined object.
The combined object consists of both box A and box B, so the mass of the combined object is 60 kg
plus 140 kg, which is 200 kg.

We can use the special formula f,=pun to represent the magnitudes of the kinetic friction forces
exerted by the floor on box B, and on the combined object. Use careful subscripts: frs depends on 7,
not on ngc. fre depends on 7gc, not on ngp.

There is no special formula for the magnitude of the normal force, so we use the symbols 7¢p, 7rc,
and nap (Written without arrows on top) to represent the magnitudes of the normal forces exerted by the
floor on box B, by the floor on the combined object, and by box A on box B. Use different symbols
for things that may be unequal: don’t just use n to symbolize all the normal force magnitudes!
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Before we can break the forces into components, we must choose our axes. It’s usually best to
choose a positive axis that points in the object’s direction of motion. For this problem, both boxes are
moving right, so we can choose a positive x-axis that points right. And let’s choose a y-axis that points
up. For this problem, there’s no reason why we shouldn’t choose the same axes for both objects.

We can use this rule to break all the forces into components: If a vector is parallel or anti-parallel
to one of the axes, then the component for that axis has the same magnitude and direction as the overall
vector; and the component for the other axis is zero.

Be careful to get every sign correct for every component. Include a “+” sign in front of each
positive component; this will help you to remember to include the crucial “-” signs in front of wgy, wcy,

f FB,x» and f FC,x-
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Now we’re ready to write the Newton’s Second Law equations. We write four Newton’s Second
Law equations: x- and y-equations for box B, and x- and y-equations for the combined object.

Write the general Newton’s Second Law equations before you plug in specifics.

Always try to use the exact right symbols, including the exact right subscripts. For a multiple object
problem, we use subscripts to distinguish the objects from each other; use B and C subscripts to
carefully distinguish the Newton’s Second Law equations for box B from the equations for the
combined object. Use x- and y-subscripts to distinguish the x-equations from the y-equations.

If an object is motionless in a component, then that component of its acceleration is 0.

Box A, box B, and the combined object are all moving horizontally, in the x-component. The objects
are all motionless vertically, in the y-component. So we can substitute zero for ag, and for ac, in our
Newton’s Second Law y-equations.

There’s no reason to substitute 0 for agy or for ac,. In fact, ag, and ac, are what we need to figure out
in order to answer part (b) of the problem.

If the individual objects remain in contact with each other, while moving in a straight line without
sliding relative to each other, then the individual objects, and the “combined” object, will all have the
same magnitude and direction of acceleration. Therefore, we can substitute the same symbol, ay in for
apx and for ac, in the Newton’s Second Law x-equations.

To reduce the total number of unknowns in your equations, use the same symbol for things that
are equal (e.g., substitute ay for ac,and ag,). But use different symbols for things that may be
unequal (like 7gc, ngp, and nag).
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The Newton’s Second Law x-equation for box B has three unknowns, and the Newton’s Second
Law x-equation for the combined object has two unknowns; so we postpone working with those
equations. The Newton’s Second Law y-equation for box B has one unknown, and the Newton’s
Second Law y-equation for the combined object has one unknown, so we begin by solving the y-
equation for box B for ng, and by solving the y-equation for the combined object for ngc.
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Next we substitute our result for ngs into the x-equation for box B, and our result for ngc into the x-
equation for box C. After these substitutions, the x-equation for box B still has two unknowns
remaining, so we’re still not ready to solve that equation. But the x-equation for the combined object
now has only one unknown remaining, so now we solve the x-equation for the combined object for a.

i » =
é FCX: mc OCX] éFCy mcqcy ZFBX f”g&m,| éFay ,50,3}(
- ln 65020005\ 1960 + Nec20000)) ANegtNpe 19004 <1372 # N, =110(0)
+650=200ax 1940+ Nec =0 |- 1(1372) = 1H0a, [ =372 +_AFG-O
~196 +65072000,

4s 9 =200 0
459 _ 200ax
200 25

U=+ 2275
S

Notice that, for this problem, we were able to determine a, using only the Newton’s Second Law
equations for the combined object. Our result for a, does not depend on the Newton’s Second Law
equations for box B.
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Now, we substitute our result for a, into the Newton’s Second Law x-equation for box B. The x-
equation for box B now has only one unknown remaining, so we can solve that equation for nag.
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If there’s enough room on the page, arrange your work on the four Newton’s Second Law equations
in four adjacent columns, as illustrated above. This will help to keep your math organized.

Our result is that nag is 455 N. Now, what is nga?

Here is Newton’s Third Law:
If object 1 exerts a force on object 2, then object 2 exerts a force on object 1.
We can referto F Lono and F son1 asa“Newton’s Third Law pair”.
The direction of F L on2 Will be opposite to the direction of F onl -
The two forces will have equal magnitudes: Fion2= Froni

ng, and 1, form a Newton’s Third Law pair. Therefore, 1z, and 1,5 are equal in
magnitude (nag = nga). Therefore, nap also equals 455 N.

By the way, in order for two forces to qualify as a “Newton’s Third Law pair”, it must be possible
to write the symbols for the two forces with “reversed subscripts”. For example, the subscripts for
n,z are the reverse of the subscripts for g, .

Two vectors are considered “equal” only if both their magnitudes and their directions are equal.

In a Newton’s Third Law pair, F, on2 points in a different direction than F, on1 » SO thetwo
forces in a Newton’s Third Law pair are not equal: F Lon 27&1_5 sonl -

But the magnitudes of the two forces in a Newton’s Third Law pair are equal: Fi 2= Faon1

-

Remember, a vector symbol written with an arrow on top (e.g., F ton2 » Foon1 ) stands for the

complete vector, including both magnitude and direction. But a vector symbol written without an arrow
on top (€.g., Fion2, F2on1) stands just for the magnitude of the vector.

In this problem, ng, and n,; point in different directions, so the two forces are not equal
( nu,g#ng, ). But the magnitudes of the two forces are equal: nag = nga
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Our results are that a, = +4.82 m/s?, and that nag = nga = 455 N.
If one component of a vector is zero, then the magnitude and direction of the overall vector is the

same as the magnitude and direction of the nonzero component. a, is zero, so d has the same

magnitude and direction as ax.
Our result for ay is positive; the positive x-direction is “right”; so d points to the right, as drawn
below. Our result for the magnitude of ay is 4.82 m/s? so the magnitude of d is 4.82 m/s%
We found the directions of n,; and ng, earlier, when we drew our free-body diagrams.

If we had not drawn the Free-body diagram for box A, we would still know that i, points to the
n,; and ng, area Newton’s Third Law pair, so they must

left, because 1,z points to the right.
point in opposite directions.
Two boxes, with masses 60 kg and 140 kg, are resting on a horizontal floor. Then a 650 N force is
applied to the 60 kg box, so that the boxes slide to the right. The coefficient of kinetic friction is 0.10
(a) Draw a free-body diagram for the 60 kg box, and a free-body diagram for the 140 kg box.

(b) Find the acceleration of the boxes.

(b) Find the force that each box exerts on the other.
(a) ©= Free-body diagrams for Box B and Box B

-
-5
Rox A L (b) ? = " @=direction of 3
s : -
650N /40 AS (C) ? = g 3 ©=direction of N,
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Do our results make sense?
<L - y
A=+ 2,272, Nec [960N,NRa= 955N, Npg = 372N 7L,

Does it make sense that our results for ngc, nag, and \Ne=1960N
ngg are positive? The symbols ngc, nag, and neg stand for
the magnitudes of the normal forces, and magnitudes can Neg=I1372N
never be negative; so, yes, it makes sense that those /}
results are positive.

Do the sizes of our results for ngc and ngc make
sense? To prevent box B and the combined object from
beginning to move down into the surface of the floor, ¥

npz mustcancel Wy ,and 7. mustcancel w. . v
So, yes, it makes sense that: Uyl
neg=1372N=wsz and ngc=1960 N =w¢ Yw.=1960N
In the versions of the Free-body diagrams at right, I have
drawn 1, the same lengthas w, ,and np. the same lengthas w,

$. z1372n | Pae=455N| T .=I6N E,.=650N
8 '3;21 ol Fc PP

Does it make sense that our result for ay is positive? The positive x-direction is “right”, and ay is
zero, so our result indicates that the acceleration vector points to the right. Does that make sense?

In general, the direction of the acceleration vector does not necessarily indicate the object’s
direction of movement. But, if an object starts from rest, then the direction of the acceleration vector
does indicate what direction the object will begin moving. The wording of the problem implies that the
boxes started at rest and then began moving to the right after the 650 N force was applied. In order for
the boxes to begin moving to the right, the acceleration vector must point to the right. So, yes, it does
make sense that our result indicates that the acceleration vector points to the right.

Since the acceleration vector is parallel to the velocity vector, the objects are speeding up.

Are our results for the forces on the combined object consistent with a rightward acceleration for
the combined object? F,,, is 650 N. Our work on the Newton’s Second Law x-equation for the

combined object indicates that frc= 196 N. F pp Pulls right, while fFC pulls left; the magnitude of

F ap €Xceeds the magnitude of fFC , so the net force on the combined object points right.
According to Newton’s Second Law, the net force at a particular point in time determines the
acceleration at that point in time. So the rightward net force on the combined object implies that the

combined object should accelerate to the right. So, yes, our results for the forces on the combined
object are consistent with a rightward acceleration for the combined object.

Are our results for the forces on box B consistent with a rightward acceleration for box B? Our
result for nap is 455 N. Our work on the Newton’s Second Law x-equation for box B indicates that
fis=137.2N. f,, is pulling right, while f,, is pulling left; the magnitude of #,; exceeds the

magnitude of fFB , so the net force on box B points right. So, yes, our results for the forces on box B
are consistent with a rightward acceleration for box B.
In the free-body diagrams above, I've drawn 11, longerthan f; ,and F,, longer than

fFC , to reflect the relationships between these forces.

www.freelance-teacher.com


http://www.freelance-teacher.com/

NEWTON’S SECOND LAW PROBLEMS: MULTIPLE OBJECTS Solution for Video (3)

Recap
In this solution we learned how to solve a

problem that involves two objects in contact with
each other. Because Box A and Box B remain in
contact, without sliding relative to each other, we can 'R W { '
treat the two boxes as a single “combined” object. individual ebseeis

For a problem that involves two individual objects that remain contact with each other, without
sliding relative to each other, it is not necessary to focus on all three of the possible objects. Focusing
on any two of the candidate objects is sufficient to solve the problem. The best approach is usually to
focus on the “combined” object, and, if necessary, on one of the “individual” objects. Therefore, in
our solution, we chose to focus on the “combined” object, and on box B.

% anbtines] @let
BOX ﬁ gox Cons;g'}}ncj s F
Leth Box Aand Box8

For a “multiple object problem” that involves objects in contact with each other, each “individual”
object will usually exert a normal force, and possibly a friction force, on the other individual
object. In this problem, the two boxes exerted normal forces on each other. In this problem, the boxes
did not exert friction forces on each other.

We used this rule to determine the direction for the five different normal forces in this problem:
The normal force points perpendicular to, and away from, the surface that is touching the object.

Don’t confuse the various forces with each other! Use careful symbols, with careful subscripts, to
carefully distinguish all the different forces from each other. To avoid confusing the forces, don’t refer
to any force with the word “it”; instead, /abel which force you’re referring to with a name or a symbol.

The Free-body diagram for the combined object should include only “external” forces. The free-
body diagram for the combined object should not include any “internal” force exerted by one part of
the combined object on another part of the combined object. So, for this problem, the free-body
diagram for the combined object does not include ng, or M, .

If individual objects remain in contact with each other, while moving in a straight line without
sliding relative to each other, then the individual objects, and the combined object, will all have the
same magnitude and direction of acceleration. We used this rule to substitute the same symbol ay, in
for both acx and agy in our Newton’s Second Law equations.

Always try to use the exact right symbols. To reduce the total number of unknowns in your
equations, use the same symbol for things that are equal (e.g., substitute the same symbol a, for ac
and for agy). But use different symbols for things that may be unequal (e.g., don’t use the same
symbol 7 to represent all the normal force magnitudes; instead, use the three different symbols ngc, ngs,
and nup for each of the normal force magnitudes).

Newton’s Third Law says that if object 1 exerts a force on object 2, then object 2 exerts a force on
object 1. We canreferto F,_,, and F,  ; asa “Newton’s Third Law pair”. (The symbols for a
Newton’s Third Law pair can be written with “reversed subscripts”.) The direction of F Lono Will be

opposite to the direction of F »on1 - And the two forces will have equal magnitudes: Fiono = Faoni.
For this problem, 1,, and 1,; form a Newton’s Third Law pair. (Notice that the symbols
ny, and n,; have reversed subscripts.) So iz, and 1,; pointin opposite directions, and the
two forces are equal in magnitude (nap = nga).

See next page for some additional comments on Newton’s Third Law.
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Additional comments on Newton’s Third Law

Fl‘t( " hlbaj J: agram Fftt “b-ay oJi agram 5::_:'5:}‘ tlﬁi:?tmno.l fomzs
= s how 19 all the forces | showing all the forces|exerte _qn_!'heA'EDmbined object
ey exerted on box A exerted oa box B ot
Box A ~ ,\n F8
- FA .
7 = - -2 £
Pak ‘l’"u";’
A \ G;’G
—-9
VWe

If the two forces in a Newton’s Third Law pair have equal magnitudes and opposite directions, then
why don’t the two forces “cancel each other out”? The reason is that the two forces in a Newton’s Third
Law pair are exerted on different objects. For example, 1, is exerted on box B, while 1, is
exerted on box A. So, as you can see above, n,; and ng, appear in two different free-body
diagrams. Because the two forces are exerted on two different objects, n,, and ng, do not cancel
each other out.

If we drew ng, and n,,; inthe Free-body diagram for the combined object, then they would
cancel each other out in the Newton’s Second Law equations for the combined object. This is the reason
that it is not necessary to include “internal” forces in the Free-body diagram for the combined object.

Challenge question: It turns out that, in this problem, W, and f.; have equal magnitudes and
opposite directions. Does that mean that wy and iz form a Newton’s Third Law pair?

Answer: Remember that, in order for two forces to qualify as a Newton’s Third Law pair, it must be
possible to write the symbols for the two forces with “reversed subscripts”. The weight force on block B
is the gravitational force exerted by the Earth on block B. So, a more complete symbol for that weight
force would be Wz . You can see that the subscripts for np; are not the reverse of the subscripts for

wgp . Therefore, no, Wy and Tt do not form a Newton’s Third Law pair.

For similar reasons, in general, a weight force and a normal force will never form a Newton’s Third
Law pair.

In some cases, as with W, and fg in this problem, the weight force on an object and a normal
force on the object will happen to have the equal magnitudes and opposite directions. But in other cases
[e.g., the weight force and normal force on mass 1 in the problem in Video (1)], the weight force and
normal force may have unequal magnitudes, and may not point in opposite directions.

See next page for an alternative solution to the problem.
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Here is a summary of an alternative solution, in which we apply Newton’s Second Law to box A
and to box B.
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ng, and 1, form a Newton’s Third Law pair. Therefore, 1z, and 1,5 are equal in
magnitude. So, in the first row of the Force Table for box B, we write nag=nga.
Our result is that ng,a is 455 N. Since nap = nga, nap also equals 455 N.

(It’s also possible to solve the problem by focusing on box A and on the combined object.)
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Video (4)

This page and the next summarize the solution for this problem. After the solution summary, we
present the step-by-step solution.

Let’s call the 12 kg block, “block A”; and let’s call the 4 kg block, “block B”.

Part (a) of the problem asks us to draw the Free-body diagrams for block A and for block B, under
the assumption that block B does not slide relative to block A. Those diagrams are shown below.
Free -baé‘y diagram
Fru = kody Ji agram Showing all £he external Forces
Free ~bedy diagram  showing all the Forces  exerted o Eh=

— 3. 3] skouin’ all the Forr_‘s eweréed on bl‘"—h A ”COM‘G;AEJ“ o{;J'gct

exerted oa block B ﬁm F{TC

Bisck B
E 4 hs R
1 12 kq Block A ae . . .
z max T, ap E F
max f, g s
RBA
3, 3 I
e
W,

We have also drawn the Free-body diagram for the “combined” object; the “combined” object
consists of both block A and block B, treated as a single object. Because the two blocks remain in
contact without sliding relative to each other, we can treat them as a single combined object.

The Free-body diagram for the combined object is not required for part (a) of the problem. We are

drawing the Free-body diagram for the “combined” object because it will provide us with a simpler
solution for part (b) of the problem, as shown on the next page.
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Here is a summary of the key steps in the solution for part (b).
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In solution above, we applied Newton’s Second Law to block B, and to the “combined” object. On
the next page, we present the step-by-step version of this solution.

It turns out that the Newton’s Second Law y-equation for the combined object is not needed to
solve the problem. If it was obvious to you that the Newton’s Second Law y-equation for the combined
object would not be useful for solving the problem, then there was no need to write down that equation
in the first place.

Alternatively, it is also possible to solve the problem by focusing on block A and on the combined
object; or by focussing on block A and on block B. But the method illustrated here is the simplest for
this problem.
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Here is the step-by-step solution.
A 12 kg block is placed on a frictionless table, and a 4.0 kg block is stacked on top of the 12 kg block.
Then a steady horizontal force F is exerted on the 12 kg block. The coefficient of static friction
between the two blocks is 0.40; the coefficient of kinetic friction between the blocks is 0.20.
(a) Assuming that the 4 kg block does not slide relative to the 12 kg block, draw a free-body diagram
for the 4 kg block, and a free-body diagram for the 12 kg block.
(b) What is the magnitude of the maximum horizontal force F that can be exerted without the 4 kg
block sliding relative to the 12 kg block?

(Q) ?: ‘FRQ‘BQJ)’ diqara_MS 'For bioch B ond bleck B

Bk B = ¥ cmumn F that can be exerted
L AS (b) : S,?;:LT: block B Sa"iolinj relative to block A

7
e 12 hg Block P

The problem mentions the concepts of mass, a horizontal force, friction, and free-body diagrams, all
of which fit into a Newton’s Second Law framework. So we plan to use the Newton’s Second
problem-solving framework to solve the problem.

Give the blocks names. Let’s call the 12 kg block, “block A”; and let’s call the 4 kg block,
“block B”.

Write down what parts (a) and (b) are asking us for. When possible, represent what the question is
asking for with a symbol, or a combination of words and a symbol.

Part (b) asks for the magnitude of the maximum horizontal force. The problem tells us to use the
symbol F to stand for the horizontal force. Therefore, the symbol F, written without an arrow on
top, stands for the magnitude of the horizontal force.

(b) ? = maximum F that can be exerted without block B sliding relative to block A

Check that all given units are SI units. The problem uses kilograms, which are indeed SI units.
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I
Block B does not slide | Block B slides
relative to block A : relative to block A
i =
!
borderline
F=7°
Although the problem refers to the “maximum” horizontal force, it is convenient to interpret the
problem as asking for the borderline horizontal force—the value of F for which block B is just on the
borderline between starting to slide relative to block A and not starting to slide relative to block A. So
we can rewrite the question as shown below:
(a) ? = borderline F,
at which block B is on the borderline between sliding relative to block A and not sliding
The problem refers to the borderline force as the “maximum” that can be exerted without block B
sliding relative to block A. So, if F is less than that maximum value, block B will not slide relative to
block A; and, if F is greater than the maximum, block B will slide relative to block A.

To solve a minimum or maximum problem involving whether an object will slide:
assume that the object is on the borderline between sliding and not sliding;
and assume that, at the borderline, the object will not slide.

So, in order to solve part (b), we will assume that F is at the borderline value, at which block B on
the borderline between sliding relative to block A and not sliding. And, we will assume that, at the
borderline F, block B will not slide relative to block A. Write down these assumptions, as shown
below. Notice that part (a) also tells us to assume that the blocks don’t slide relative to each other.

Since we are assuming that the two blocks will remain in contact without sliding relative to each
other, we can treat block A and block B as a single “combined” object. Because of the horizontal force

F , this combined object will experience a net force that points right.

In general, the direction of the net force vector does not indicate the object’s direction of movement.
But, if an object starts from rest, then the direction of the net force vector does indicate what direction
the object will begin moving. The wording of the problem implies that the blocks begin at rest; so the
rightward net force will cause the combined object to begin moving to the right. As shown below, we
draw a rightward velocity vector to indicate that both block A and block B are moving to the right.

To understand this problem, you will need to understand that moving is not the same thing as
sliding. In order for block B to avoid sliding relative to block A, block B must move to the right.

(@) ©= Frechody diagrams For block A and block B

—%r\? D= : " F ‘éhat can be exerted
([)) ' mcz::::: block B slid;nj relative to block A

Blotk & w]
E 4 AS =borderline F, at which block B json
= the border line of Storting to slide
’2 hﬁ Bleck P relotive 4o block A &

Assume F is equal to the borderline value,

HSSU.MQ thot at the horderline F,
block B does not slide relotive 4o block A.
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Part (a) of the problem asks us to draw a Free-body diagram for block A and a Free-body diagram
for block. Let’s begin by identifying the forces for the Free-body diagram for block B.

General two-step process for identifying the forces for your Free-body Diagram for a particular object:
(1) Draw a downward vector for the object’s weight.
(2) Draw a force vector for each thing that is touching the object.

Block B will experience a weight force (the gravitational force exerted by the Earth on block B).

Block B is being touched by block A.

In a “multiple object problem” that involves two objects in contact with each other, each
object will usually exert a normal force, and possibly a friction force, on the other object.

So block A will exert a normal force on block B, which we can symbolize as 11,5 . (Some
professors and textbooks may choose to symbolize this force as F g -)

The problem refers to friction between the blocks, so block A will also exert a frictional force on
block B, which we can symbolize as f ap - Use a lower-case f'to symbolize friction.

We are assuming that block B does not slide relative to block A; so block A will exert a static
friction force, not a kinetic friction force, on block A. In part (b), we are assuming that block B is on
the verge of sliding relative to block A, so this will be the maximum static friction force that block A
can exert on block B. So the full symbol for the friction force exerted by block A on block B will be

max fs, ap - For simplicity, for this problem we will sometimes abbreviate this symbol to f AR -

Notice that static friction does not prevent motion. Instead, static friction prevents sliding. The
static friction force exerted by block A on block B will not prevent block B from moving. Instead, the
static friction force exerted by block A on block B will prevent block B from sliding relative to block A.

Besides block A, nothing else is touching block B, so there are no other forces on block B.
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Part (a) of the problem also asks us to draw the Free-body diagram for block A.
General two-step process for identifying the forces for your Free-body Diagram for a particular object:

(1) Draw a downward vector for the object’s weight.
(2) Draw a force vector for each thing that is touching the object.

Block A will experience a weight force (the gravitational force exerted by the Earth on block A).

Block A is being touched by the table. The table is a “surface”, which will exert a normal force on
block A. We can symbolize the normal force exerted by the table on block A as 1, .The problem
tells us that the floor is frictionless, so the floor does not exert a friction force on block A.

Block A is also being touched by block B. In a “multiple object problem” that involves two
objects in contact with each other, usually each object will exert a normal force, and possibly a
friction force, on the other object. So block B will exert a normal force on block A, which we can
symbolize as 1y, .(Some professors and textbooks may choose to symbolize this force as F BA -)

The problem refers to friction between the blocks, so block B will also exert a frictional force on
block A, which we can symbolize as fB A - We are assuming that block B does not slide relative to
block A, but that block B is on the verge of sliding relative to block A; so block A will not slide relative
to block B, but block A is on the verge of sliding sliding to block B. So the friction force is maXfS,B A >
the maximum static friction force that block B can exert on block A.

The problem also tells us that a horizontal force F is being exerted on block A.

Use careful subscripts to distinguish the forces from each other:
w, = the weight force exerted by the Earth on block A (could also be symbolized as Wy, )

w, = the weight force exerted by the Earth on block B (could also be symbolized as Wy )
ng, = the normal force exerted by the table on box A

Ny, = the normal force exerted by block B on box A (could also be symbolized as F BA )
n,s = the normal force exerted by block A on box B (could also be symbolized as F AB )
max fs)B » = the maximum static friction force exerted by block B on box A

maxfs, ap = the maximum static friction force exerted by block A on block B

F = the horizontal force, exerted by some unknown person or thing on block A
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Now, let’s draw the Free-body diagram for the “combined” object; the “combined” object
consists of both block A and block B, treated as a single object. Because we are assuming that the two
blocks remain in contact without sliding relative to each other, it’s convenient to treat them as a single
combined object. We are drawing the Free-body diagram for this “combined” object because it will
provide us with a simpler solution for part (b) of the problem.

General two-step process for identifying the forces for your Free-body Diagram for a particular object:
(1) Draw a downward vector for the object’s weight.
(2) Draw a force vector for each thing that is touching the object.

The combined object will experience a weight force ( w. ).
The combined object is being touched by the table. The table is a “surface”, which will exert a
normal force on the combined object ( iy ). The problem tells us that the table is frictionless, so the

table does not exert a friction force on the combined object.
The horizontal force F is exerted by some unknown person or thing on block A. Block A is part

of the combined object, so the horizontal force F is also exerted on the combined object.
In the Free-body diagram for the combined object, we do not include any “internal” force that is
exerted by one part of the combined object on another part of the combined object. So, we do not

include n,; , ng, , max f sAB »OF Max f .sa 1n the free-body diagram for the combined object.
That’s the reason that focusing on the combined object will simplify our solution to part (b)!

Use subscrlpts to distinguish the forces from each other:
w, , Wy , w. =theweight forces exerted by the Earth on box A, on box B,
and on the combined object
Ng, , N = the normal forces exerted by the table on block A, and on the combined object

n,s = the normal force exerted by block A on block B (could also be symbolized as F AR )
ng, = the normal force exerted by block B on block A (could also be symbolized as F Ba )
maxfs) ap = the maximum static friction force exerted by block A on block B

maxfs,B » = the maximum static friction force exerted by block B on block A

F = the horizontal force, exerted by some unknown person or thing on block A
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Now let’s determine the directions of the forces.

The weight force always points down. So the weight force on block A ( w, ), the weight force on
block B ( Wy ), and the weight force on the combined object ( W, ) all point down.

The sketch given in the problem indicates that the horizontal force, F points right.

The normal force exerted by a surface on an object points perpendicular to, and away from, the
surface that is touching the object. (In math, “normal” means “perpendicular”.)
So the normal forces exerted by the surface of the table on block A ( iy, ) and on the combined

object ( fiyc ), both point perpendicular to, and away from, the surface of the table. So 7, and
. both point up.
The normal force exerted by block A on box B ( 1, ) points perpendicular to, and away from, the
surface of block A that is touching box B. So 1, points up.
The normal force exerted by block B on block A ( 7z, ) points perpendicular to, and away from,
the surface of block B that is touching block A. So 1, points down.

Newton’s Third Law says that:
If object 1 exerts a force on object 2, then object 2 exerts a force on object 1.
The two forces are referred to as a “Newton’s Third Law pair”.
The direction of F, ., will be opposite to the direction of F,,, ,

And the two forces will have equal magnitudes: Fion2= Faoni.
In order for two forces to be a Newton’s Third Law pair, the two forces must have reversed subscripts.

We can use Newton s Third Law to check that our directions for nz, and n,; are correct.

ng, and M, form aNewton’s Third Law pair. (Notice that the subscripts for 7, are the
reverse of the subscripts for 1, .) So we expect that the directions of 7y, and 1,; will be
opposite to each other. This is the consistent with the directions we have determined.

We will discuss the directions of maxf,,; and maxf,;, on the nextpage.
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F‘r-t{-lgur)y diagram
Showing all £he external Forces
exerted on £hv

7¢ ambintd’ obiect

Ff‘t{‘llbay d:ﬂjfnf*
showing all the forces

ng{ -b aay Ji vgram
exerted on block A

SLDU;", all the -an'(!s

—
exerted on block B _ﬁ 71)
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- 4 ks Bk B "
E s R
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— mﬂxf,wm -
HSSUML F is equal to the borderline anue' F —
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block B does net slide relotive 4o block A. 8 Wy
—
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The static friction force exerted by a surface on an object points parallel to the surface, in the
direction that prevents the object from sliding relative to the surface. To find the directions of the static
friction forces for this problem, we ask, “if there were no friction, how would the blocks slide relative

to each other?”

with static $riction hetween the boxes hlll it Fometon,
l? q AS Bk R f_:, |_]| AS Blech B
Before Before

—> ]2 kﬂ Bleck P — ,2 hﬂ Bleck A .

- Yhg| BekB 4 kg blsck B Acter

F After F

— 12kq Biock P — 12 kg beck A
fgot}, blocks prove r"ijl‘\f'. Rox A moves risht. Box B remains motionless,
Block B does act slide relative to blockA. Block A slides right relative to block B.
Block P does not slide relative £o block B, Block B slides Jeft relative £o block A,

With no friction, block A would still experience a rightward net force, because of the rightward
force F ;so, with no friction, block A would still begin moving to the right.
With no friction, block B would experience zero net force; so, with no friction, block B would

remain motionless.
So, with no friction, block A would slide to the right, relative to block B; which means that, with no

friction, block B would slide to the left, relative to block A.
To prevent block B from sliding to the left relative to block A, block A will exert a rightward static

friction force ( maxfs’ ap ) on block B. To prevent block A from sliding to the right relative to
block B, block B will exert a leftward static friction force ( mafo)B A ) onblock A.

Notice that static friction does not prevent motion. Instead, static friction prevents sliding. In
order to prevent block B from s/iding to the left, relative to block A, static friction must cause block B

to begin moving to the right, in order to “keep up” with block A.
max [z, and maxf,,; formaNewton’s Third Law pair, so we expect that the directions of the

two forces will be opposite to each other. This is the consistent with the directions we have determined.
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Since we have completed the Free-body diagrams for block A and for block B, we have now
answered part (a) of the problem.

For part (a), the problem told us to assume that the blocks do not slide relative to each other.

Earlier, we decided that, to solve part (b), we must continue to assume that the blocks do not slide
relative to each other.

So, when solving part (b), we can use the free-body diagrams we drew for part (a).

There are three possible methods that we could use to solve part (b) of the problem:
Method 1: We can apply Newton’s Second Law to block A, and to block B.
Method 2: We can apply Newton’s Second Law to block A, and to the combined object.
Method 3: We can apply Newton’s Second Law to block B, and to the combined object.

Notice that, in each of these methods, it’s only necessary to apply Newton’s Second Law to two of
the three possible objects.

Which of these three approaches will be the simplest method for solving part (b)?

There are five forces in the Free-body diagram for block A.

There are only three forces in the Free-body diagram for block B, and there are only three forces in
the Free-body diagram for the combined object.

So block B and the combined object are experiencing fewer forces than block A.

So the simplest method for solving part (b) is Method 3: we will apply Newton’s Second Law
to block B, and to the combined object.

This is why we chose to draw a Free-body diagram for the “combined” object, even though that
free-body diagram is not required to answer part (a) of the problem.

Remember, the “combined” object consists of both block A and block B, treated as a single object.
Because we are assuming that the two blocks remain in contact without sliding relative to each other,
it’s convenient to treat them as a single combined object.

In general, for a problem that involves two objects that remain in contact without sliding relative to
each other, the simplest solution method will be to apply Newton’s Second Law to the “combined”
object and to one of the “individual” objects.

(For a problem in which the two objects do slide relative to each other, it usually will not be
convenient to treat them as a combined object.)

To execute Method 3, we will need to complete a Force Table for block B, and a Force Table for the
combined object.

Since we are using Method 3, we will nof need to complete a Force Table for block A. In fact,
Method 3 does not require any use of the Free-body diagram for block A.

So, if part (a) had not asked us to draw the Free-body diagram for block A, and if our plan was to
use Method 3 to solve the problem, then there would have been no need for us to draw the Free-body
diagram for block A.
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Begin a Force Table for block B, and a Force Table for the combined object.
Fft{-b°ay d‘°3"°~"‘ F{‘g{'k.ay d'-n,rqn

= N Showing all £he external Forces Louiny all the Forces
W= Me max ‘?5/93 FS - exerted on £he :“,t:a on block
- 16(4.8) =090 . "Combintd object
= /S6.8N e -
e Npe
We="™83 4 B
= Y18 T max fyag
= 39.2N
s}
5 8
Force Table $or the Combined object ! Force Table $or Box B
- - = Mmaanite of
wc. 6.8 N N € WE—B?‘ZN Nas Frs HnAB 6%25%“:;3
. . = . Ny = 2 Componeats of
(-ch' nTC" . i ng ¥ ';ﬂa, o the forces
[‘\)CY: : n-rr, 7= F)': 3 w'Y- n"'7 F e

In the first row of each Force Table we represent the magnitudes of the forces:
(1) If you are given a value for the magnitude of a force, use that value to represent the magnitude.
(2) Otherwise, if a force has a special formula, use the special formula to represent the magnitude.
(3) If a force has no given value and no special formula, represent the magnitude by a symbol.

We can use the special formula w=mg to calculate the magnitudes of the weight forces on block B
and on the combined object. The combined object consists of hoth block A and block B, so the mass of
the combined object is 12 kg plus 4 kg, which is 16 kg.

We are assuming that block B does not slide relative to block A, so block A exerts static friction,
not kinetic friction, on block B. We are assuming that block B is on the verge of sliding, so block A
exerts the maximum static friction force on block B. There is a special formula, max f=p#, for the
magnitude of the maximum static friction force. We can use this special formula to represent the
magnitude of the maximum static friction force exerted by block A on box B, in the first row of our
force table. Since we are applying static friction, we use the coefficient of static friction (.4), not the
coefficient of kinetic friction (.2). Use careful subscripts: s depends on 745, not on nrc.

Remember, static friction does not prevent motion. Instead, static friction prevents sliding. In order
to prevent block B from s/iding to the left, relative to block A, static friction must cause block B to
begin moving to the right, in order to “keep up” with block A.

There is no special formula for the magnitude of the normal force, so we use the symbols 7nrc and
nap (Written without arrows on top) to represent the magnitude of the normal force exerted by the table
on the combined object, and the magnitude of the normal force exerted by block A on block B.

There is no special formula for the horizontal force F ,sowe represent the unknown magnitude
of this horizontal force with the symbol F, written without an arrow on top.
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Free-bedy diagram Free-bedy diagram
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Force Table For the Combined object T_,x’ Force Table $or Box B8 L,
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Choose your axes. It’s usually best to choose a positive axis that points in the object’s direction of
motion. Since we are assuming that block B does not slide relative to block A, both blocks are moving
right; so we can choose a positive x-axis that points right. And let’s choose a y-axis that points up. For
this problem, there’s no reason why we shouldn’t choose the same axes for both objects.

We can use this rule to break all the forces into components: If a vector is parallel or anti-parallel
to one of the axes, then the component for that axis has the same magnitude and direction as the overall
vector; and the component for the other axis is zero.

Notice that f ap points to the right, which is our positive x-direction, so fapx is positive. This is the
first time in this video series in which we have encountered a friction force with a positive component.

Be careful to get every sign correct for every component. Include a “+” sign in front of each
positive component; that will help you to remember to include the crucial “-” signs in front of wg, and
Wcy.
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Now we’re ready to write the Newton’s Second Law equations for the combined object and for
block B.

It turns out that the Newton’s Second Law y-equation for the combined object will not be needed to
solve the problem. If that is obvious to you, then there is no need to write down the Newton’s Second
Law y-equation for the combined object.

Write the general Newton’s Second Law equations before you plug in specifics.

Always try to use the exact right symbols, including the exact right subscripts. For a multiple
object problem, we use subscripts to distinguish the objects from each other; use y and ¢ subscripts to
carefully distinguish the Newton’s Second Law equations for block B from the equations for the
combined object. Use . and y subscripts to distinguish the x-equations from the y-equations.

If an object is motionless in a component, then that component of its acceleration is 0.

Block A, block B, and the combined object are all moving horizontally, in the x-component. The
objects are all motionless vertically, in the y-component. So we can substitute zero for agy and for ac, in
our Newton’s Second Law y-equations.

There’s no reason to substitute 0 for agy or for acy.

If the individual objects remain in contact with each other, while moving in a straight line without
sliding relative to each other, then the individual objects, and the “combined” object, will all have the
same magnitude and direction of acceleration.

We are assuming that block B does not slide relative to block A. Therefore, the magnitude and
direction of the acceleration will be the same for block A, for block B, and for the combined object.
Therefore, we can substitute the same symbol, ay in for as, and for acx in the Newton’s Second Law x-
equations. This helps us by reducing the total number of unknowns in our Newton’s Second Law
equations.

é ch: m_C. C]Cx gEY:chc
F = 16 Qx|-1568+n,=1600

é:FBx:meaax éFGy:mBaG7
4. 4a, {392+ M=)
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SiFer M Oc|  SE =may) & Miba &Fe," M%)
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The Newton’s Second Law x-equation for block B has two unknowns, and the Newton’s Second
Law x-equation for the combined object has two unknowns; so we postpone working with those
equations. The Newton’s Second Law y-equation for block B has one unknown, and the Newton’s
Second Law y-equation for the combined object has one unknown, so we begin by solving the y-
equation for block B for nag, and by solving the y-equation for the combined object for nrc.

é ch: Mc Qe x ch'y'—' Mc:Qe éFﬂx:mBCle é’: mﬁaay
F = l6 Qx _’56-8+nn:16(0) .qnﬂe:L’C{x —39'2*{1,:,8 L.I(O)
1568 MO ~39.2415=0
+156.8 +156.8
Myc=156.8N 3.2 +392
i BZ N

We have determined that nc is 156.8 N. However, nrc does not appear in any of our other
equations, and the question is not asking for nrc; so it turns out that knowing nrc does not help us to
answer the question. So it turns out that the Newton’s Second Law y-equation for the combined object
is not needed to solve the problem. If it was obvious to you that the Newton’s Second Law y-equation
for the combined object would not be useful for solving the problem, then there was no need to write
down that equation in the first place.

We have also determined the value of nag (39.2 N). We substitute our result for nap into the
Newton’s Second Law x-equation for block B.

After this substitution, the x-equation for the combined object still has two unknowns remaining, so
we’re still not ready to solve that equation. But the x-equation for block B now has only one unknown
remaining, so now we solve the x-equation for block B for a.

= ‘ = SThya
e = ¥ O
Eg 16 O—x 1568+ —16(0) 4 g0, 7392 ”Ae
-156.8 +N7c=0 _ s i g™
. 4(39:2)="a
Pype IS6.8N|, X J BCJ 2[\]
57240, —Npa~21
Q.= FENRS
(If you begin by dividing .4 by 4, you will get the more accurate result that a,=+3.920 m/s>.)
Notice that, for this problem, we were able to determine a, using only the Newton’s Second Law

equations for block B. For this problem, our result for a, does not depend on the Newton’s Second Law
equations for the combined object.
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Now, we substitute our result for a, into the Newton’s Second Law x-equation for the combined
object. The x-equation for the combined object now has only one unknown remaining, so we can solve

that equation for F.

é; ch M a |
F= 213 ng) -156.8 t
F=62.8N

~156.8 + Ny —lé(O)
N.=0
Mrc=

sk, mea,)

=156.8N

B
el 2+nﬁe 1‘1(0)

—'3‘?.2 HHB-‘O
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é:FBx:me&ex mBaGY

J aq ﬂﬁB: Ll O"
43920,

5.7 BYE,
— Q.= +3.925%

If there’s enough room on the page, arrange your work on the Newton’s Second Law equations in
adjacent columns, as illustrated above. This will help to keep your math organized.

Again, it turns out that the Newton’s Second Law y-equation for the combined object is not needed
to solve the problem. If it was obvious to you that the Newton’s Second Law y-equation for the
combined object would not be useful for solving the problem, then there was no need to write down

that equation in the first place:
£ Fex® McOcyf

16 Q.
F=16(3.929
F=62.8N

—_—

éFa :mBaGy
~39.2+Npg=4(0)
"3?.2 ﬂgB"O

ﬂﬁﬁ: e AN

Zhy”
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Our result is that F = 62.8 N.

A 12 kg block is placed on a frictionless table, and a 4.0 kg block is stacked on top of the 12 kg block.
Then a steady horizontal force F is exerted on the 12 kg block. The coefficient of static friction
between the two blocks is 0.40; the coefficient of kinetic friction between the blocks is 0.20.

(a) Assuming that the 4 kg block does not slide relative to the 12 kg block, draw a free-body diagram
for the 4 kg block, and a free-body diagram for the 12 kg block.

(b) What is the magnitude of the maximum horizontal force F that can be exerted without the 4 kg
block sliding relative to the 12 kg block?

((]) ‘_?: Fru'iaody d}q.jra.ms 'FOF' Mock A ond klock B

—
—>Y\ g3 . P F fha‘t can be exerted
(b) i ma{:‘::::f block B Shdinj relative to block A

R il
E 1 AS e . =borderline F, at u;hi:’u btu'm:.h Bison
2 e border fin orting to sl
12 hﬂ Bleck A ﬁ:luhr:: t':b?fci A & -
" To solve part (b), we assume that
F”'j' bedy diagram |00k B does not slide relative to
Free-bedy diagram  showing all e Forces|p)oy A byt that block B is on the
showing all the Forces exerted on block A verge of sliding relative to block A.
exerted oa block B ﬁ So, for part (b), we apply maximum
# TA static friction.
H NSwer i The wording for part (a) tells us to
Yor Pg assume that block B does not slide
par T (Q_) R _, |relative to block A, but for part (a)
£ }.' F |there is no reason to assume that
i 58 € block B is on the verge of sliding
- relative to block A. So, for part (a),
8 > | MNea there is no reason to assume that
b Wy static friction is at its maximum
value.
pif\swer H Ror 2 avbid ¥0/‘c{, W :‘H’ Maximm Mogaitule F=63N
Con be exerted wikhaul the dky kox slidingof & £he

‘FOF
part (b)[ |2 kg box.
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Do our results make sense?

Y A

F=62.8 N, Q,~+3.925% , Npa=39.2N L

Does it make sense that our results for
nas and F are both positive? The symbols o =
nas and F, written without arrows on top, MMy A e
both stand for magnitudes. Magnitudes can
never be negative; so, yes, it makes sense N a= 312N
that these two results are both positive.

FBD %or block B FBD Yor block A FBD %or “combined” object

Does the size of our result f_cgr nas make maxf g mxwa F=62.8N F=62.8N
sense? The downward force wjy is trying =57 N =57N € > =
to make block B begin moving downward. l__
To prevent block B from beginning to _ Nea
W,=39.2N Wy ¥
move downward, block A must exert an B A

upward normal force n,, tocancel wy

Since n,, mustcancel w; , yes, it does

make sense that nag = 39.2 N = wp. In the versions of the Free-body diagrams above, I have drawn
n,; the same lengthas Wwj , to reflect this relationship.

,...5
Y We

Does it make sense that our result for ay is positive? The positive x-direction is “right”, so our result
indicates that the acceleration vector points to the right. Does that make sense?

In general, the direction of the acceleration vector does not indicate the object’s direction of
movement. But, if an object starts from rest, then the direction of the acceleration vector does indicate
what direction the object will begin moving. The wording of the problem implies that the blocks start at
rest. We determined that the blocks then begin moving to the right. In order for the blocks to begin
moving to the right, the acceleration vector must point to the right. So, yes, it does make sense that our
result indicates that the acceleration vector points to the right. (Since the acceleration vector is parallel
to the velocity vector, the blocks are speeding up.)

Are our results for the forces on block A consistent with a rightward acceleration for block A? Our
result for Fis 62.8 N. If you examine our work on the Newton’s Second Law x-equation for block B,
you will see that our work indicates that max f;ag= 15.7 N. By Newton’s Third Law, max f;ga also

equals 15.7 N. F pushes right on block A, while maXfS’B » pushes left on block A. Since the

magnitude of F exceeds the magnitude of maxfs)B A the net force on block A points right.

According to Newton’s Second Law, the net force at a particular point in time determines the
acceleration at that point in time. So the rightward net force on block A implies that block A should
accelerate to the right. So, yes, our results for the forces on block A are consistent with a rightward
acceleration for block A. In the free-body diagrams above, I’ve drawn F longer than maxfs’B A »tO
reflect the relationship between these forces.

Remember, friction does not oppose motion. Instead, friction opposes sliding. The static friction
force does not prevent block A from moving. Instead, the static friction force exerted by block B on
block A prevents block A from sliding relative to block B, by reducing block A’s acceleration
sufficiently to allow block B to “keep up” with block A.
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Recap

To solve a minimum or maximum problem involving whether an object will slide: assume that the
object is on the borderline between sliding and not sliding; and assume that, at the borderline, the
object will not slide. Therefore, in order to solve part (b), we assume that F is at the borderline value, at
which block B on the borderline between sliding relative to block A and not sliding. And, we assume
that, at the borderline F, block B will not slide relative to block A.

Because we assume that block A and block B remain in contact, without sliding relative to each
other, it’s convenient to treat the two blocks as a single “combined” object. For a problem that involves
two individual objects that remain contact with each other, without sliding relative to each other,
focusing on any two of the possible objects is sufficient to solve the problem. Usually the best approach
is to focus on the “combined” object and on one of the “individual” objects. Block B experiences
fewer forces than block A; so we chose to focus on the “combined” object, and on block B.

On a problem that involves objects in contact with each other, each “individual” object will
usually exert a normal force, and possibly a friction force, on the other individual object. In this
problem, the two blocks exert normal forces and friction forces on each other. We are assuming that the
blocks do not slide relative to each other, so each block exerts a static friction force on the other block.
We are assuming that the blocks are on the verge of sliding relative to each other, so each block exerts
the maximum static friction force on the other block; therefore, we can use the special formula
max f; = W to represent max f ap in the first row of the Force Table for block B.

Static friction does not prevent motion. Instead, static friction between two objects prevents the
objects from sliding relative to each other. To find the direction of the static friction force on a
particular block, we asked, “If there were no friction between the blocks, in what direction would the
block slide, relative to the other block?”

In order to prevent block B from sliding to the left relative to block A, static friction must cause
block B to begin moving to the right, in order to “keep up” with block A. In order to prevent block A
from sliding to the right relative to block B, static friction exerts a leftward push on block A; this
reduces block A’s acceleration sufficiently to allow block B to “keep up” with block A.

mafo)B . and maxfs, ap form a Newton’s Third Law pair, so the two forces point in opposite
directions. ny, and ., also form a Newton’s Third Law pair, so those two forces also point in
opposite directions.

The Free-body diagram for the combined object should include only “external” forces. The free-
body diagram for the combined object should not include any “internal” force exerted by one part of
the combined object on another part of the combined object. So, for this problem, the free-body
diagram for the combined object does not include 1z, , N4y maXfS,B A O mafo) AB -

Don’t confuse the various forces with each other! Use careful symbols, with careful subscripts, to
carefully distinguish all the different forces from each other. To avoid confusing the forces, don’t refer
to any force with the word “it”; instead, /abel which force you’re referring to with a name or a symbol.

If the individual objects remain in contact with each other, while moving in a straight line without
sliding relative to each other, then the individual objects, and the combined object, will all have the
same magnitude and direction of acceleration. We used this rule to substitute the same symbol ay, in
for both acx and ag, in our Newton’s Second Law equations.

www.freelance-teacher.com


http://www.freelance-teacher.com/

