NEWTON’S SECOND LAW PROBLEMS: MULTIPLE OBJECTS
brief solutions

This document provides brief summaries of the solutions to the problems.

Step-by-step solutions for each problem are available separately in the “Step-by-Step
Solutions” document, and also in the YouTube videos.

The problems are available in the Problems document.

You can find links to all these resources at my website:
www.freelance-teacher.com

You can support these resources with a monthly pledge at my Patreon page:
www.patreon.com/freelanceteacher

Or you can make either a one-time donation, or a monthly pledge, using the PayPal
Donate button on my website: www.freelance-teacher.com

If you find that the video explanations move too slowly, you can simply try the problems in the
Problems document, study the solutions in the Solutions documents, and, if necessary, skip to the
particular parts of the videos that cover parts of the solutions that are giving you difficulty. Each video
has a table of contents, to make it easier to skip to particular topics.

If you find a particular problem to be difficult, then, after studying the solution, before you try the
next problem, you should take a blank piece of paper and retry that problem from scratch. Don’t move
on to the next problem in the series until you are comfortable with the solution for the current problem.

Solutions begin on next page.
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NEWTON’S SECOND LAW PROBLEMS: MULTIPLE OBJECTS Brief solution for Video (1)

Video (1)
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We can use the same symbol, T, for the magnitude of the tension force at both ends of the rope.
You should choose a positive axis for each object that points in the direction of motion for that
object. So, we choose down as the positive y-direction for mass 2. This allows us to say that a,,=a;x.
If you choose “up” as the positive direction for mass 2, then aix# ayy !
We organize our work on the Newton’s Second Law equations into three adjacent columns.
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NEWTON’S SECOND LAW PROBLEMS: MULTIPLE OBJECTS Brief solution for Video (1)

Here’s the process for breaking the weight force into components:
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In the diagram, m, = 3.0 kg and m, = 2.0 kg. The pulley is massless and frictionless. Mass 1 is sliding
down the incline; mass 2 is falling. There is a coefficient of kinetic friction p, = 0.40 between mass 1
and the incline. Find the acceleration of the masses, and the tension in the rope.
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NEWTON’S SECOND LAW PROBLEMS: MULTIPLE OBJECTS Brief solution for Video (1)

Do our results make sense?

T2 9.96 N, n= 25.5N, Q= +7.82% ,Q25~+7.82 53

Does it make sense that our results for n and T are positive? The
symbols n and T, written without arrows on top, stand for magnitudes,
and a magnitude can never be negative; so, yes, it makes sense that
our results for n and T are positive. If either of these results were f
negative, we would know that we had made a mistake. k

Does the size of our result for n make sense? To prevent mass 1 W,
from beginning to move into the surface of the incline, 7 must N
cancel w;,. So, yes, it makes sense that: R

n=255N= |W1y|
Therefore, in the Free-body diagram on the right, I have drawn the
length of the 1 arrow equal to the length of the w,, arrow.

E=25.3 N

Does our result for the magnitude of the acceleration make sense? For this problem,
it is interesting to compare the magnitude of the acceleration with 9.8 m/s?, the
magnitude of free-fall acceleration. Because mass 2 is being held back by the rope,
rather than falling freely, we would expect that mass 2 will fall with an acceleration
that is smaller in magnitude than free-fall acceleration. Our result for the magnitude of
the acceleration (4.82 m/s?) is indeed less than free-fall acceleration (9.8 m/s®); so, yes,
our result for the magnitude of the acceleration does make sense.

W, =11. 6N
Are our results for the forces on mass 2 consistent with our —-
result for the sign of a,,? \ \ mass|
The positive direction for mass 2 is straight down, so the \ h_; ¥
positive result for a,, indicates that d, points straight down. This Q, 4!

means that d, is parallelto Vv, , which means that mass 2 is

speeding up. (Acceleration parallel to velocity means the object is o
X

object is slowing down.) = =—==¥ r

The magnitude of the downward weight force on mass 2 Y
(19.6 N) is greater than the magnitude of the upward tension force > =

. V| @)

downward net force. According to Newton’s Second Law, the l
downward net force for mass 2 implies a downward acceleration
for mass 2. So yes, our results for mass 2 are consistent with each other. The weight force is trying to
exceeds the magnitude of the tension force, so mass 2 will speed up. In the Free-body diagram above, I
have drawn the arrow for w, longer than the arrow for T, , to match these results.

You could perform a similar analysis to confirm that our results for the forces on mass 1 are

speeding up; acceleration anti-parallel to velocity would mean the

on mass 2 (9.96 N). This means that mass 2 will experience a

speed up mass 2; the tension force is trying to slow down mass 2; the magnitude of the weight force
consistent with our result for the sign of ax.

4 www.freelance-teacher.com



http://www.freelance-teacher.com/

NEWTON’S SECOND LAW PROBLEMS: MULTIPLE OBJECTS Brief solution for Video (1)
Why aix = a,y, if we choose axes that point in each objects’ direction of motion

Here is a useful rule for interpreting the acceleration: If the acceleration vector is parallel to the
velocity vector, then the object is moving with increasing speed; if the acceleration vector is anti-
parallel to the velocity vector, then the object is moving with decreasing speed.

In the diagram, m, = 3.0 kg and m, = 2.0 kg. The pulley is massless and frictionless. Mass 1 is sliding
down the incline; mass 2 is falling. There is a coefficient of kinetic friction p, = 0.40 between mass 1
and the incline. Find the acceleration of the masses, and the tension in the rope.
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Suppose mass 2 is speeding up. Then, because they are connected by the rope, mass 1 will also be
speeding up. Then d, will be parallelto v, ,and d, will be parallelto v, .So d, will point
parallel to, and down, the incline; and d, will point straight down. So d, will point in the positive
x-direction we’ve chosen for mass 1, and d, will point in the positive y-direction we’ve chosen for
mass 2. So aix will be positive, and a,, will also be positive.
Because they are connected by the rope, the magnitude of the acceleration will be the same for both
objects. So we can represent the magnitude of the acceleration for both objects with the symbol a
(written without an arrow on top). So aix=+a, and a,,=+a. (Remember that it’s a good habit to include

plus signs in front of positive components.) So a;x=a,,. This confirms that we were correct to use the
equation a;x=a,y in our solution for this problem.

But things would be different if we had chosen “up” as the positive y- wonar 52| T F £he masses
direction for mass 2! In that case (as shown at right), a;x=+a, but a,,=-a. moss) massZ| are Sf*ﬂ"“a .
So a;x=-ay. When possible, it’s best to avoid negative quantities; so you can < L ™" &
see now why it was best to choose the direction of motion for mass 2 ) " o

(“down”) as the positive y-direction for mass 2. So Qi -0y
Now, suppose again that we choose “down” as the positive y-direction for mass 2.

Based on the wording of the problem, it was theoretically possible that both objects might have
been slowing down. In that case, d, would be anti-parallel to v, ,and d, would be anti-parallel to
v, .So d, would point parallel to, and up, the incline; and d, would point straight up. So 4,
would point in the negative x-direction we chose for mass 1, and d, would point in the negative y-

direction we chose for mass 2. So aix would be negative, and a,, would also be negative.

We can still represent the magnitude of the acceleration for both objects with the symbol a. So, in
this case, ax=-a and a»y,=-a. So, if both objects were slowing down, it would still be true that ax=auy.
This again confirms that we were correct to use the equation a;x=a,, in our solution of this problem.
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NEWTON’S SECOND LAW PROBLEMS: MULTIPLE OBJECTS Brief solution for Video (1)

Recap:

We learned how to deal with a problem that involves two objects connected by a rope. For such a
problem, we draw two separate Free-body diagrams, we complete two separate Force Tables, and
we apply the Newton’s Second Law equations separately to each of the two objects.

To complete the Free-body diagram for mass 1, we systematically asked, “What is touching
mass 1?” To complete the Free-body diagram for mass 2, we asked, “What is touching mass 2?”

For a massless rope stretched over a massless, frictionless pulley, the magnitude of the tension
force is the same at both ends of the rope (although the direction of the tension force may be
different at the two ends of the rope). In the first row of our Force Tables, we used this rule to write
T, =T, and T, = T, using the same symbol, 7, to represent both magnitudes.

We used the Addition Method to solve our system of simultaneous equations. The Addition
Method is often the most efficient approach for solving a system of Newton’s Second Law equations
involving multiple objects.

It will simplify your solution if you chooese positive axes for each object pointing in the direction
of motion for that object. It is OK to choose different axes for different objects.

For two objects moving in straight lines and connected by an unstretchable rope, if you choose a
positive direction for each object that points in the direction of motion for that object, then the
acceleration component in the direction of motion for one object will equal the acceleration component
in the direction of motion for the other object. We used this rule to write the equation a;x= a,,. Then
we used that equation to substitute aix in for a,, in the Newton’s Second Law y-equation for mass 2.
This helped us by reducing the total number of variables in our Newton’s Second Law equations.
Again, this rule only works if you choose a positive direction for each object that points in the direction
of motion for that object. If you choose “up” as the positive direction for mass 2, then ax # ay !

Always try to use the exact right symbol, including the exact right subscripts. For a multiple
object problem, we should be careful to use subscripts to distinguish the two objects from each other.
We used 1 and 2 subscripts to carefully distinguish between variables that referred to mass 1, such as
aiy, and variables that referred to mass 2, such as a,,. Notice how different our analysis was for a;,
(which equals 0) and a,, (which equals ay).

A vector symbol with an arrow on top (e.g., n ) stands for the complete vector, including both
magnitude and direction. The symbol without an arrow on top (e.g., n) stands just for the magnitude.

Think in terms of components. Each Newton’s Second Law equation for this problem refers
specifically either to the x-component or to the y-component. We used x- and y-subscripts to carefully
distinguish between variables that referred to the x-component, such as ay, and variables that referred
to the y-component, such as a;,. Notice how different our analysis was for a;x (which equals a,,) and a,,
(which equals 0).

Include plus signs in front of positive components. That will help you to remember to include the
crucial negative signs in front of negative components.

We needed to draw a right triangle and use the SOH CAH TOA equations in order to break the
weight force into components. I covered how to break the weight force into components for an inclined
plane problem in detail in my series “Newton’s Second Law problems, explained step by step.”
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NEWTON’S SECOND LAW PROBLEMS: MULTIPLE OBJECTS Brief solution for Video (2)

Video (2)
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We can use the same symbol, T, for the magnitude of the tension force at both ends of the rope.

You should choose a positive axis for each object that points in the direction of motion for that
object. Therefore, we choose different axes for mass 1 and for mass 2: we choose up as the positive
y-direction for mass 1, but we choose down as the positive y-direction for mass 2. This allows us to say
that a,y=ajy. (If you choose “up” as the positive direction for both objects, then a,,#a;,!)

Be careful to get the correct signs for w,, and Ty, based on the downward y-axis for mass 2.

We don’t need to know the value of T to answer the question—but we determined T anyway, since
knowing the value for T will help us to check whether our results make sense.

The wording of the problem implies that the objects begin at rest, so v;, is zero.
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NEWTON’S SECOND LAW PROBLEMS: MULTIPLE OBJECTS Brief solution for Video (2)

Our plan for solving this problem was:

Use the Newton’s Second Law equations to
determine a;y and a,y.

Then, substitute our result for a;, into the kinematics general one-dimensional kinematics
framework.

Then, use the kinematics framework to answer the

question. 5 [ Qly

[

Newton’s Second Law

Pz differeace in f\?ﬂa‘n{: after I.55

Build as much kinematics information as possible into your sketch, as illustrated below.

Build the question into the sketch, as illustrated below.

The wording of the problem implies that the objects begin at rest, so v;, is zero.

Because they are connected by the rope, both masses move the same distance (2.76 m). So the
difference in height is 2.76 m + 2.76 m = 5.52 m.

Two masses, m, = 30 kg and m, = 50 kg, are connected by a massless rope that has been slung over a
massless pulley. The two masses are initially held at the same height, and then they are released. What
is the difference in the heights of the two masses at a time ¢ = 1.5 s after they are released?
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NEWTON’S SECOND LAW PROBLEMS: MULTIPLE OBJECTS Brief solution for Video (2)

Do our results make sense?
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Does it make sense that our results for a;, and a,, are both positive? The positive direction for
mass 1 is up, and the positive direction for mass 2 is down. So d, points up, and d, points down,
as drawn in the sketch above. Does that make sense?

In general, the direction of the acceleration vector does not indicate the object’s direction of motion.
But when an object begins from rest, the direction of the acceleration does indicate what direction the
object will begin moving. Because m,>m;, we expected mass 2 to begin moving down, and mass 1 to
begin moving up. So, yes, it does make sense that our results for a;yand a,, are both positive.

Is our result for T consistent with our results for the directions of d, and a, ? T,=375N | T,=3675 N
Our result for w; (294 N) is less than our result for T (367.5 N), so the net force on A A
mass 1 points up. Our result for w, (490 N) is greater than our result for T (367.5 N),
so the net force on mass 2 points down. According to Newton’s Second Law, the net
force determines the acceleration; so, based on the forces, we would expect d, to ! 4
point up, and d, to point down. This is consistent with our results for the
directions of d, and d, ; so, yes, our results are consistent. In the free-body \

. = W,=2%N
dlagrams at right, I have drawn T longer than w, , T, the same length as - _\49 o
=

T1 and w, longer than T2 , to reflect the relationships between these forces.
Does the magnitude of our result for the acceleration make sense? Because mass 2 is being held
back by the rope, rather than falling freely, we would expect mass 2 to fall with an acceleration that is
smaller than free-fall acceleration. Our result for the magnitude of the acceleration (2.45 m/s?) is indeed
less than 9.8 m/s?; so, yes, our result for the magnitude of the acceleration does make sense.

Does it make sense that our result for Ay for mass 1 is positive? The positive direction for mass 1 is
up, so our result indicates that mass 1 is being displaced upward. Again, we expected that mass 1 would
move upward; so, yes, it makes sense that our result for Ay for mass 1 is positive.

Does the magnitude of our result for Ay (2.76 m) make sense? 1 meter is roughly 1 yard, and 1 yard
equals 3 feet. During the 1.5 s interval, each object moves roughly 3 meters, which is roughly 3 yards,
or 9 feet. In this situation, I think that’s a plausible distance for the objects to move in 1.5 seconds.

The final difference in height is 5.5 m. This is roughly 5 yards, which is 15 feet. So, in order for
there to be enough room for the masses to move during the 1.5 second interval, the pulley must be
mounted at least 15 feet above the floor. 15 feet is fairly high, but not so high as to be implausible.
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NEWTON’S SECOND LAW PROBLEMS: MULTIPLE OBJECTS Brief solution for Video (2)

Recap:

Based on the concepts that were mentioned in the problem, we expected to apply both Newton’s
Second Law and general one-dimensional kinematics to solve the problem. If there’s sufficient room
on your paper, arrange your Newton’s Second Law equations, and your kinematics work, in adjacent
columns. This help to keep the math organized.

It simplified our solution to choose positive axes pointing in each object’s direction of motion.
For this problem, that meant choosing different y-axes for mass 1 and for mass 2.

For a massless rope stretched over a massless, frictionless pulley, the magnitude of the tension
force is the same at both ends of the rope, although the direction of the tension force may be different
at the two ends of the rope. In our Force Tables, we used this rule to write 7, = 7, and 7> = T, using the
same symbol, 7, to represent both magnitudes.

Since we chose different axes for the two masses, we had to be extra careful to get the correct
“+” and “-” signs for the components in our Force Table. We had to be careful to determine the
signs for the components for each mass based on the positive y-direction we had chosen for that mass.

For two objects moving in straight lines and connected by an unstretchable rope, if you choose a
positive direction for each object that points in the direction of motion for that object, then the
acceleration component in the component of motion for one object will equal the acceleration
component in the component of motion for the other object. We used this rule to write the equation
aiy= ay. Then we used that equation to substitute a,, in for a,, in the Newton’s Second Law y-equation
for mass 2. (But, if you choose “up” as the positive y-direction for both objects, then a;y#asy!)

We obtained a system of two equations in two unknowns. For the particular equations that we
obtained, the most convenient way to solve the system of equations was the Addition Method.

For a kinematics problem, organize the kinematics data with a list of mass |
the five general kinematics variables, as shown at right. Underneath need
your list of the general kinematics variables, write the specific numbers
and symbols that apply for the problem, as shown at right. At 5 &Y, Vi y Vg o @l y
Use acceleration as the connecting link between Newton’s Second |.Ss AY, O V., . +145%
. . call= / VA s?
Law and kinematics.

For a kinematics problem, build as much kinematics information as possible into your sketch. And
when possible, build the question into the sketch, as we did for this problem. Draw a /arge sketch, so
that there’s sufficient room to c/early build all necessary information into the sketch.

The wording of the problem implied that the objects began from rest, so v, is zero.

Always try to use the exact right symbols, including the exact right subscripts. In this problem,
the objects were moving only in the y-component. So we applied kinematics to the y-component. So, in
our kinematics setup, we write the kinematics variables specifically for the y-component: we write Ay,
rather than Ax; and we include y-subscripts for vy, v, and a,.

Use , subscripts to emphasize that, for this problem, both of our Newton’s Second Law equations
refer to the y-component.

Use ; and , subscripts to distinguish symbols that refer to mass 1 (e.g., m; and Tl ) from symbols

that refer to mass 2 (e.g., m, and Tz ).
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NEWTON’S SECOND LAW PROBLEMS: MULTIPLE OBJECTS Brief solution for Video (3)

Video (3)

Let’s call the 60 kg box, box A, and the 140 kg box, Box B.
Part (a) of the problem asks us to draw the Free-body diagrams for box A and for box B.
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We have also drawn the Free-body diagram for the “combined” object; the “combined” object
consists of both box A and box B, treated as a single object. Because the two boxes remain in contact
without sliding relative to each other, we can treat them as a single combined object. The Free-body
diagram for the combined object is not required for part (a) of the problem. We are drawing the Free-
body diagram for the “combined” object because it will provide us with a simpler solution for parts (b)
and (c) of the problem, as shown on the next page.

In a “multiple object problem” that involves two objects in contact with each other, usually
each object will exert a normal force, and possibly a friction force, on the other object. So Box A
will exert a normal force on Box B ( 11,5 ) and box B will exert a normal force on box A ( 1z, ).
(Some professors may symbolize these two force as F g and F sa -) In this problem, there’s no
need for the boxes to exert friction forces on each other; the normal forces from the floor will prevent
the boxes from sliding vertically, without needing help from any vertical friction force.

In the Free-body diagram for the combined object, we do not include any “internal” force that is
exerted by one part of the combined object on another part of the combined object. Therefore, we do
not include 1n,; or Ty, in the free-body diagram for the combined object.

Use careful subscripts to distinguish the forces from each other:
W, , Wy , w. = the weight forces exerted by the Earth on box A, on box B,
and on the combined object
Mg, , Mgz , Npe = the normal forces exerted by the floor on box A, on box B,
and on the combined object
f Mo f B > ch = the kinetic friction forces exerted by the floor on box A, on box B,
and on the combined object
n,; = the normal force exerted by box A on box B (could also be symbolized as F A5 )
g, = the normal force exerted by box B onbox A (could also be symbolized as F A )

F,, =the 650 N applied force, exerted by some unknown person on box A
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NEWTON’S SECOND LAW PROBLEMS: MULTIPLE OBJECTS Brief solution for Video (3)

Here is the solution for parts (b) and (¢). In this solution, we focus on Box B and on the combined
object. An alternative solution, focusing on Box A and on Box B, is provided at the end of this solution.
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w m & ,F =1 N f::a, n‘:i”cie {3:::5 dﬂu%ﬂ o=
k,FC }Jh FE exerted oa box B
=200009)| " 200, 2 ﬂFC
= |360N T . *
w ms % _S:JbFﬂz PhnFB Fee Mpe l‘:FC For
= 140(9.8) =0.1N¢s N
I3 72N ] E
¥y
Force Table $or the Combined obect ?’L
w{_:z%ow Piai s;“-..}npc FQPP—ES'ON iy

ovirall force vecjors

- = =".,n Fa ,x:+6§ON Comp untn'ts of
[’\)c:{'. O hrc“ O .FH“” ‘& the §orces
L\)cy: JJ%ONJ nmyuﬁk ! 'FFC.v: O [f=0

Force Table $or Box B yLK
w3:1372 N nFB 'E-Fs :-InFB nﬁﬁ (—-—-mugmhhs ot
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- ™ =+- LY
(/\)a,;= O f\r-a,x‘o 'E:B,x 'lnFs nﬂ&# nnesf“"‘!‘ eats of of

" the Serces
Way™ 372N Negy 4 Mgyl §,4,20  Nine,™ O

é:FBx;mﬁclaxl éFBY:mBaGY
~ A Npa tMpe=1100, ) =1372 +n,._8:i‘{0[o)
e ht, e

g = 1372 N

é ey P OCXI éfc =M Oy

e |n +450:200Q\ ~1960 +n,r_-200(o)
o) +650=2000x 950+ N =0 (-] ,'372)+n“=’qoax

.... ('q‘-’) ﬁFC.: HBD N _-}(}372);.&”:}9*..2@

& 137‘2m,..=‘317._9
n,qs = ‘j’S'S'N

~196 +65072000
4594 <2000

Q=+ 2.'27!%'
S

Box A, box B, and the “combined” object will all have the same acceleration, so we can substitute
the same symbol, ay, for ac and ag, in the Newton’s Second Law equations.

Our result is that nap is 455 N. From Newton’s Third Law, we know that np, also equals 455 N.
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NEWTON’S SECOND LAW PROBLEMS: MULTIPLE OBJECTS Brief solution for Video (3)

Two boxes, with masses 60 kg and 140 kg, are resting on a horizontal floor. Then a 650 N force is
applied to the 60 kg box, so that the boxes slide to the right. The coefficient of kinetic friction is 0.10

(a) Draw a free-body diagram for the 60 kg box, and a free-body diagram for the 140 kg box.
(b) Find the acceleration of the boxes.

(b) Find the force that each box exerts on the other.

-\? (a)?: Fre e_“)odr dio.jrams for Box A ond Box R
R e
BoX.Pl (b) ?: a. ,?z'dlrecfmn of a
. . -
50N [ 140 kg| (€) T Npg , Teckivetin oF
60h3 e= Flaw P =direction of Rsa
Free-bedy diagram Free-bedy diagram
Slue:in, allyf:he Fo,l'rces slu:?n, nliyfhe F’orces
A exerted on box A exerted on box B
NSwer

I Y A[
Ebf‘ /Jﬂ"'é (Q) - ﬁFA e -
!FFQ—I F“\m E\n ﬁaa x

—»
Wg

Answers For parts (b) and ()
The boxes both have acceleration 2.3 o £he right.

Rox A Lxertsy o force sF Y55 N, ts bbe F}alnt, on Boxﬁ_
Rox B &xerts o ferce of YSSN, to the lett, on Box A .

If we had not drawn the Free-body diagram for box A, we would still know that

Ny, points to the
left, because f,; points to the right. n,, and n,, areaNewton’s Third Law pair, so they must
point in opposite directions.
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NEWTON’S SECOND LAW PROBLEMS: MULTIPLE OBJECTS Brief solution for Video (3)

Do our results make sense?
<L - y
A=+ 2,272, Nec [960N,NRa= 955N, Npg = 372N 7L,

Does it make sense that our results for ngc, nag, and \Ne=1960N
ngg are positive? The symbols ngc, nag, and ngg stand for
the magnitudes of the normal forces, and magnitudes can Neg=I1372N
never be negative; so, yes, it makes sense that those /}
results are positive.

Do the sizes of our results for ng- and ngc make
sense? To prevent box B and the combined object from
beginning to move down into the surface of the floor, ¥

npz mustcancel Wy ,and 7. mustcancel w. . v
So, yes, it makes sense that: Uyl
neg=1372N=wpz and ngc=1960 N = w¢ Yw.=1960N
In the versions of the Free-body diagrams at right, I have
drawn 1, the same lengthas w, ,and np. the same lengthas w,

$. z1372n | Pae=455N| T .=I6N E,.=650N
8 '3;21 ol Fc PP

Does it make sense that our result for ay is positive? The positive x-direction is “right”, and ay is
zero, so our result indicates that the acceleration vector points to the right. Does that make sense?

In general, the direction of the acceleration vector does not necessarily indicate the object’s
direction of movement. But, if an object starts from rest, then the direction of the acceleration vector
does indicate what direction the object will begin moving. The wording of the problem implies that the
boxes started at rest and then began moving to the right after the 650 N force was applied. In order for
the boxes to begin moving to the right, the acceleration vector must point to the right. So, yes, it does
make sense that our result indicates that the acceleration vector points to the right.

Since the acceleration vector is parallel to the velocity vector, the objects are speeding up.

Are our results for the forces on the combined object consistent with a rightward acceleration for
the combined object? F,,, is 650 N. Our work on the Newton’s Second Law x-equation for the

combined object indicates that frc= 196 N. F ap Pulls right, while fFC pulls left; the magnitude of

F ap €Xceeds the magnitude of fFC , so the net force on the combined object points right.
According to Newton’s Second Law, the net force at a particular point in time determines the
acceleration at that point in time. So the rightward net force on the combined object implies that the

combined object should accelerate to the right. So, yes, our results for the forces on the combined
object are consistent with a rightward acceleration for the combined object.

Are our results for the forces on box B consistent with a rightward acceleration for box B? Our
result for nap is 455 N. Our work on the Newton’s Second Law x-equation for box B indicates that
fis=137.2N. f,, is pulling right, while f,, is pulling left; the magnitude of #,; exceeds the

magnitude of fFB , so the net force on box B points right. So, yes, our results for the forces on box B
are consistent with a rightward acceleration for box B.
In the free-body diagrams above, I've drawn 11, longer than f., ,and F,, longer than

fFC , to reflect the relationships between these forces.
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NEWTON’S SECOND LAW PROBLEMS: MULTIPLE OBJECTS Brief solution for Video (3)

Recap
In this solution we learned how to solve a

problem that involves two objects in contact with e Ee 0
s Ceonsisting

each OthEI..“. Becau.se. Box A z?nd Box B remain in N 7 L.th Box A and Box8
contact, without sliding relative to each other, we can ,,, = S
treat the two boxes as a single “combined” object. i afimoss] S5

For a problem that involves two individual objects that remain contact with each other, without
sliding relative to each other, it is not necessary to focus on all three of the possible objects. Focusing
on any two of the candidate objects is sufficient to solve the problem. The best approach is usually to
focus on the “combined” object, and, if necessary, on one of the “individual” objects. Therefore, in
our solution, we chose to focus on the “combined” object, and on box B.

Rox A | Rox B U et Shgiet

On a problem that involves objects in contact with each other, each “individual” object will
usually exert a normal force, and possibly a friction force, on the other individual object. In this
problem, the two boxes exerted normal forces on each other. In this problem, the boxes did not exert
friction forces on each other.

We used this rule to determine the direction for the five different normal forces in this problem:
The normal force points perpendicular to, and away from, the surface that is touching the object.

Don’t confuse the various forces with each other! Use careful symbols, with careful subscripts, to
carefully distinguish all the different forces from each other. To avoid confusing the forces, don’t refer
to any force with the word “it”; instead, /abel which force you’re referring to with a name or a symbol.

The Free-body diagram for the combined object should include only “external” forces. The free-
body diagram for the combined object should not include any “internal” force exerted by one part of
the combined object on another part of the combined object. So, for this problem, the free-body
diagram for the combined object does not include 1y, or n,; .That’s the reason that focusing on
the combined object simplifies our solution.

If individual objects remain in contact with each other, while moving in a straight line without
sliding relative to each other, then the individual objects, and the combined object, will all have the
same magnitude and direction of acceleration. We used this rule to substitute the same symbol ay, in
for both acy and as, in our Newton’s Second Law equations.

Always try to use the exact right symbols. To reduce the total number of unknowns in your
equations, use the same symbol for things that are equal (e.g., substitute the same symbol a, for ac,
and for agy). But use different symbols for things that may be unequal (e.g., don’t use the same
symbol 7 to represent all the normal force magnitudes; instead, use the three different symbols ngc, ngs,
and n,p for each of the normal force magnitudes).

Newton’s Third Law says that if object 1 exerts a force on object 2, then object 2 exerts a force on
object 1. We can refer to F Lono and F »on1 asa‘“Newton’s Third Law pair”. (The symbols for a
Newton’s Third Law pair can be written with “reversed subscripts”.) The direction of F Lono Will be
opposite to the direction of F »on1 - And the two forces will have equal magnitudes: Fion2= Faoni.

For this problem, g, and n,; form a Newton’s Third Law pair. (Notice that the symbols

ng, and n,; have reversed subscripts.) So n,, and n,; point in opposite directions, and the

two forces are equal in magnitude (nap = nga).
See next page for an alternative solution to the problem.
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NEWTON’S SECOND LAW PROBLEMS: MULTIPLE OBJECTS

Brief solution for Video (3)

Here is an alternative solution, in which we apply Newton’s Second Law to box A and to box B.

Wa= ™A% ‘Fk,m: Pa"ea

- cotud 10
ZSBgN _—

e Mea [ her P*J“”
= 1490(9.8) =0.1N,
< [372N

Y
Force Table $or Box ﬂ T—»x
wﬁ: 5"3‘? N nFﬂ ¥Fﬂ=" ﬂ;&

(/\)nx= O n'ﬂ."o ‘i:m,x"',nm
Why= =538 P [Ny 4+ £ 2O

o= O [R,,=0

Fftg'ﬁtliy diegram
shouing all the forces
t,xt!t!‘ on bbx B

Mes

Fft("b'ay \')'-u,fnn
showing all the forces
exerted on box A

q—,
2 FA _— =
" fe Ty | Ta
= >
Ren \L_,
W i W
8
~[(SON nit of ¢4
ngp, FGPP b ‘—-::2“”"‘:}‘& Vm:i.;".f
nea,:::_n“ EM“:-.-I-[,S‘UN Componeats of
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j

Force Table For Box B
W, =1372 N N, £,
(A)u: O ﬂ""’-o

Wy -13720 n"';a-n,,[

=

i O

']:n,,' ~.| Npg|Nae =+ an

MNagy™

U

[Neg (Npe=Nan

€« Mo n'-{‘u‘ls ." the
ovirall Ferte veciors

Componeats of
the (orces

—_—

O

‘QF,.,:-M,;GM éFn,:m*aly é‘,FBx:MQaax £F¢y: m&aey
Ny, *6504ny)x 60Q, S 00l ) A Pan 211003724 1 719000
-] Apa+650Nga=60Q, || 7% Fen” 4 1372+ Ngg = O
L I(s-:as)+650_n‘n=6oox nFﬁ - 58% N -.’ (’3-72)4'““ J%G‘K 2 Fs

~-53.8+650-Nap =60y
Qdd S-q.'.'z -ﬁan‘-SOCtx
=137.2+Ng, 31100,
454 =200a,
Clx=+z.‘2‘r£§;

Our result is that nga is 455 N.

37,2 ¥Nea =170 0y Meg= 372N
= 37,2 ¥Mea =170 Oy

~137.2 Ny, 110(2.27)

=118, 23N

g 4SSN

ng, and 1, form a Newton’s Third Law pair. Therefore,

Ny, and 1n,, are equal in magnitude: nag = nga. Therefore, nag also equals 455 N.

(It’s also possible to solve the problem by focusing on box A and on the combined object. But
box B experiences fewer forces than box A; so the solution that focuses on the combined object and on
box B is a little simpler than the solution that focuses on the combined object and on box A.)
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NEWTON’S SECOND LAW PROBLEMS: MULTIPLE OBJECTS Brief solution for Video (4)

Video (4)

Let’s call the 12 kg block, “block A”; and let’s call the 4 kg block, “block B”.
Part (a) of the problem asks us to draw the Free-body diagrams for block A and for block B, under
the assumption that block B does not slide relative to block A. Those diagrams are shown below.
Free -bm}y diagram
Fft{ = hady Ji agram Showing all £he external Forces
Free -budy Jiagram shouwing all the Forces exerted oa £h®

N - showing all €he forces exerted on block A Yesubintd object
exerted on block ﬁm ?{TC
- Y AS Blsck B -
F nRB
1 12 kq Bleck A . . .
maxlsag —d S
Rea
3, 2 ]
e
W,

We have also drawn the Free-body diagram for the “combined” object; the “combined” object
consists of both block A and block B, treated as a single object. Because the two blocks remain in
contact without sliding relative to each other, we can treat them as a single combined object. The Free-
body diagram for the combined object is not required for part (a) of the problem. We are drawing the
Free-body diagram for the “combined” object because it will provide us with a simpler solution for
part (b) of the problem.

In a “multiple object problem” that involves two objects in contact with each other, usually
each object will exert a normal force, and possibly a friction force, on the other object. So block A
will exert a normal force on block B ( 11,; ) and block B will exert a normal force on block A

( Mga ). (Some professors may symbolize these two force as F ap and F sa -) In addition, in this
problem, block A will exert a static friction force on block B ( fs, ap ) and block B will exert a static
friction force on block A ( fs,B A )

We assume that blocks A and B are not sliding relative to each other, so the blocks exert static

friction forces on each other. In part (b) we will assume that the blocks are on the borderline of sliding
relative to each other, so in part (b) each block will exert the maximum static friction force on the other.

In the Free-body diagram for the combined object, we do not include any “internal” force that is
exerted by one part of the combined object on another part of the combined object. Therefore, we do

notinclude n,z or Ay, or f,,n or f.u, inthe free-body diagram for the combined object.

Use careful subscripts to distinguish the forces from each other, as shown above.
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NEWTON’S SECOND LAW PROBLEMS: MULTIPLE OBJECTS Brief solution for Video (4)

F‘r-t{-lgur)y diagram
Showing all £he external Forces
exerted on £hv

7¢ ambintd’ obiect

Ff‘t{‘llbay d:ﬂjfnf*
showing all the forces

ng{ -b aay Ji vgram
exerted on block A

—%-\? sl.nu;n, all the ‘Fﬂf‘lls
exerted on block B _ﬁ 71)
TC
- 4 ks Bk B "
Ey R
12 kg Bleck A A8 . . _}
re mnxﬁ,g,\ F F
— mﬂxf,wm -
HSSUML F is equal to the borderline anue' F —
p
Assume that at the horderlice F, 3 - Rea
block B does net slide relotive 4o block A. 8 Wy
—
We

The static friction force exerted by a surface on an object points parallel to the surface, in the
direction that prevents the object from sliding relative to the surface. To find the directions of the static
friction forces for this problem, we ask, “if there were no friction, how would the blocks slide relative

to each other?”

with static $riction hetween the boxes hlll it Fometon,
l? q AS Bk R f_:, |_]| AS Blech B
Before Before

—> ]2 kﬂ Bleck P — ,2 hﬂ Bleck A .

- Yhg| BekB 4 kg blsck B Acter

F After F

— 12kq Biock P — 12 kg beck A
fgot}, blocks prove r"ijl‘\f'. Rox A moves risht. Box B remains motionless,
Block B does act slide relative to blockA. Block A slides right relative to block B.
Block P does not slide relative £o block B, Block B slides Jeft relative £o block A,

With no friction, block A would still experience a rightward net force, because of the rightward
force F ;so, with no friction, block A would still begin moving to the right.
With no friction, block B would experience zero net force; so, with no friction, block B would

remain motionless.
So, with no friction, block A would slide to the right, relative to block B; which means that, with no

friction, block B would slide to the left, relative to block A.
To prevent block B from sliding to the left relative to block A, block A will exert a rightward static

friction force ( maxfs’ ap ) on block B. To prevent block A from sliding to the right relative to
block B, block B will exert a leftward static friction force ( mafo)B A )onblock A.

Notice that static friction does not prevent motion. Instead, static friction prevents sliding. In
order to prevent block B from s/iding to the left, relative to block A, static friction must cause block B

to begin moving to the right, in order to “keep up” with block A.
max [z, and maxf,,; formaNewton’s Third Law pair, so we expect that the directions of the

two forces will be opposite to each other. This is the consistent with the directions we have determined.
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NEWTON’S SECOND LAW PROBLEMS:

MULTIPLE OBJECTS Brief solution for Video (4)

Here is the solution for part (b). In this solution, we focus on block B and on the combined object.
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As discussed on the next page, we assume that block B does not slide, relative to block A; so, block
A will exert a static friction force, not a kinetic friction force, on block B. In part (b), we assume that
block B is on the verge of sliding, relative to block A; so, block A will exert the maximum static friction
force on block B. There is a special formula for the magnitude of the maximum static friction force,
“max f; = wn”, which we can use to represent the magnitude of the maximum static friction force
exerted by block A on block B, as shown above.

Block A, block B, and the “combined” object will all have the same acceleration, so we can
substitute the same symbol, ay, in for acx and for ag, in the Newton’s Second Law equations.

The Newton’s Second Law y-equation for the combined object is not needed to solve this problem.
If it was obvious to you that the Newton’s Second Law y-equation for the combined object would not
be useful for solving the problem, then there was no need to write down that equation in the first place.

Alternatively, it is also possible to solve the problem by focusing on block A and on the combined
object; or by focussing on block A and on block B. But the method illustrated here is the simplest for

this problem.
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NEWTON’S SECOND LAW PROBLEMS: MULTIPLE OBJECTS Brief solution for Video (4)

I
Rlock B does not slide | Rlock B slides
relative to block A | relative to block A
i =
borjerline
F=7

Although the problem refers to the “maximum” horizontal force, it is convenient to interpret the
problem as asking for the borderline horizontal force—the value of F for which block B is just on the
borderline between starting to slide relative to block A and not starting to slide relative to block A.

To solve a minimum or maximum problem involving whether an object will slide:
assume that the object is on the borderline between sliding and not sliding;
and assume that, at the borderline, the object will not slide.

Therefore, in order to solve part (b), we will assume that F is at the borderline value, at which
block B on the borderline between sliding relative to block A and not sliding. And, we will assume
that, at the borderline F, block B will not slide relative to block A. Write down these assumptions,
as shown below. Notice that these are the same assumptions the problem tells us to use for part (a).

Since we assume that block B does not slide, relative to block A, block A will exert a static friction
force, not a kinetic friction force, on block B. Since, in part (b), we assume that block B is on the verge
of sliding, relative to block A, block A will exert the maximum static friction force on block B. There is
a special formula for the magnitude of the maximum static friction force, “max f; = pusn”’, which we can
use to represent the magnitude of the maximum static friction force exerted by block A on block B, as
shown on the previous page.

Since we are assuming that the two blocks will remain in contact without sliding relative to each

other, we can treat block A and block B as a single “combined” object. Because of the horizontal force
F | this combined object will experience a net force that points right.

In general, the direction of the net force vector does not indicate the object’s direction of movement.
But, if an object starts from rest, then the direction of the net force vector does indicate what direction
the object will begin moving. The wording of the problem implies that the blocks begin at rest; so the
rightward net force will cause the combined object to begin moving to the right. As shown below, we
draw a rightward velocity vector to indicate that both block A and block B are moving to the right.

Don’t confuse moving with sliding. In order for block B to avoid sliding relative to block A,
block B must move to the right.

(q) ?: ?fewhody d}q_jrams For block A and block B

—%—\? ? e - A F '{:hat can ‘)t exerfeol
(b) i mcz::,’:: L’ock B S.’;d;nj relative to h,nc.hA

BlocR R s
]? 4 AS =borderline F, at which block B ison
= the border line of Starting te slide
JZ kﬁ Bl""k P" f'tlu;'lu!.. fogb]och H &

Assume F is e.cbuo.l £o the borderline value,

HSSU.MQ +hot ot the horderliae F,
block B does not slide relotive to block A.
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A 12 kg block is placed on a frictionless table, and a 4.0 kg block is stacked on top of the 12 kg block.

Then a steady horizontal force F is exerted on the 12 kg block. The coefficient of static friction
between the two blocks is 0.40; the coefficient of kinetic friction between the blocks is 0.20.

(a) Assuming that the 4 kg block does not slide relative to the 12 kg block, draw a free-body diagram
for the 4 kg block, and a free-body diagram for the 12 kg block.

(b) What is the magnitude of the maximum horizontal force F that can be exerted without the 4 kg
block sliding relative to the 12 kg block?

(G) "?: Fﬂu'hody d}q_sra.ms 'FO(‘ bIDCkA 0’\0{ Uock 8
v’ (b)? = Moximum F ‘khﬂt Can ‘JQ exerted

i without block B s “alinj relative to block A
P4 q AS :bD,-der“nt F‘ at which b’oc.h Bison
2 the border line of Storting to slide
12 hﬂ Block H f!lﬂ‘!"ﬂﬂ. fceﬂoch A w

" To solve part (b), we assume that
Fr i bedy Jiegram (1)K B does not slide relative to
Free-bedy diagram  showing all ¢ Forces|po A byt that block B is on the
showing all the Forces exerted oa block A | erge of sliding relative to block A.
exerted oa block B ﬁ So, for part (b), we apply maximum
# TA static friction.

H NSwer i The wording for part (a) tells us to
Yor nns assume that block B does not slide
Pa_rt (Q_) A _, |relative to block A, but for part (a)
- ;{M }.' -t F |there is no reason to assume that
WA ’ block B is on the verge of sliding
- relative to block A. So, for part (a),
¥ 2 A Nga there is no reason to assume that
B Wa v static friction is at its maximum
value.

H“SWQF F\ hor}z"”}'“"l %jof‘{ W;‘“” Ma;mm Mogai Fule Fef3N
‘FOF Con e Ex&r‘l’,gc) Wi thaul -Ehe_l-]hﬁ block S“d‘-f\ﬁogs} Lhe

quf (b) |2 k(;L blocR.
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NEWTON’S SECOND LAW PROBLEMS: MULTIPLE OBJECTS Brief solution for Video (4)

Do our results make sense?

Y A

F=62.8 N, Q,~+3.925% , Npa=39.2N L

Does it make sense that our results for
nas and F are both positive? The symbols o =
nas and F, written without arrows on top, MMy A e
both stand for magnitudes. Magnitudes can
never be negative; so, yes, it makes sense N za=3%2N
that these two results are both positive.

FBD %or block B FBD Yor block A FBD %or “combined” object

Does the size of our result f_E)r nas make maxf g mxwa F=62.8N F=62.8N
sense? The downward force wjy is trying =57 N =57N € > =
to make block B begin moving downward. l__
To prevent block B from beginning to _ Nea
W,=39.2N Wy ¥
move downward, block A must exert an B A

upward normal force n,, tocancel wy

Since n,, mustcancel wj , yes, it does

make sense that nag = 39.2 N = wp. In the versions of the Free-body diagrams above, I have drawn
n,; thesame lengthas Wy , to reflect this relationship.

,...5
Y We

Does it make sense that our result for ay is positive? The positive x-direction is “right”, so our result
indicates that the acceleration vector points to the right. Does that make sense?

In general, the direction of the acceleration vector does not indicate the object’s direction of
movement. But, if an object starts from rest, then the direction of the acceleration vector does indicate
what direction the object will begin moving. The wording of the problem implies that the blocks start at
rest. We determined that the blocks then begin moving to the right. In order for the blocks to begin
moving to the right, the acceleration vector must point to the right. So, yes, it does make sense that our
result indicates that the acceleration vector points to the right. (Since the acceleration vector is parallel
to the velocity vector, the blocks are speeding up.)

Are our results for the forces on block A consistent with a rightward acceleration for block A? Our
result for Fis 62.8 N. If you examine our work on the Newton’s Second Law x-equation for block B,
you will see that our work indicates that max f;ag = 15.7 N. By Newton’s Third Law, max f;ga also

equals 15.7 N. F pushes right on block A, while maXfS’B » pushes left on block A. Since the

magnitude of F exceeds the magnitude of maxfs)B A the net force on block A points right.

According to Newton’s Second Law, the net force at a particular point in time determines the
acceleration at that point in time. So the rightward net force on block A implies that block A should
accelerate to the right. So, yes, our results for the forces on block A are consistent with a rightward
acceleration for block A. In the free-body diagrams above, I've drawn F longer than maxfs’B A »tO
reflect the relationship between these forces.

Remember, friction does not oppose motion. Instead, friction opposes sliding. The static friction
force does not prevent block A from moving. Instead, the static friction force exerted by block B on
block A prevents block A from sliding relative to block B, by reducing block A’s acceleration
sufficiently to allow block B to “keep up” with block A.
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NEWTON’S SECOND LAW PROBLEMS: MULTIPLE OBJECTS Brief solution for Video (4)

Recap

To solve a minimum or maximum problem involving whether an object will slide: assume that the
object is on the borderline between sliding and not sliding; and assume that, at the borderline, the
object will not slide. Therefore, in order to solve part (b), we assume that F is at the borderline value, at
which block B on the borderline between sliding relative to block A and not sliding. And, we assume
that, at the borderline F, block B will not slide relative to block A.

Because we assume that block A and block B remain in contact, without sliding relative to each
other, it’s convenient to treat the two blocks as a single “combined” object. For a problem that involves
two individual objects that remain contact with each other, without sliding relative to each other,
focusing on any two of the possible objects is sufficient to solve the problem. Usually the best approach
is to focus on the “combined” object and on one of the “individual” objects. Block B experiences
fewer forces than block A; so we chose to focus on the “combined” object, and on block B.

On a problem that involves objects in contact with each other, each “individual” object will
usually exert a normal force, and possibly a friction force, on the other individual object. In this
problem, the two blocks exert normal forces and friction forces on each other. We are assuming that the
blocks do not slide relative to each other, so each block exerts a static friction force on the other block.
We are assuming that the blocks are on the verge of sliding relative to each other, so each block exerts
the maximum static friction force on the other block; therefore, we can use the special formula
max f; = W to represent max f ap in the first row of the Force Table for block B.

Static friction does not prevent motion. Instead, static friction between two objects prevents the
objects from sliding relative to each other. To find the direction of the static friction force on a
particular block, we asked, “If there were no friction between the blocks, in what direction would the
block slide, relative to the other block?”

In order to prevent block B from sliding to the left relative to block A, static friction must cause
block B to begin moving to the right, in order to “keep up” with block A. In order to prevent block A
from sliding to the right relative to block B, static friction exerts a leftward push on block A; this
reduces block A’s acceleration sufficiently to allow block B to “keep up” with block A.

mafo)B . and maxfs, ap form a Newton’s Third Law pair, so the two forces point in opposite
directions. ny, and 7, also form a Newton’s Third Law pair, so those two forces also point in
opposite directions.

The Free-body diagram for the combined object should include only “external” forces. The free-
body diagram for the combined object should not include any “internal” force exerted by one part of
the combined object on another part of the combined object. So, for this problem, the free-body
diagram for the combined object does not include 1z, , N4y maXfS,B A O mafo) AB -

Don’t confuse the various forces with each other! Use careful symbols, with careful subscripts, to
carefully distinguish all the different forces from each other. To avoid confusing the forces, don’t refer
to any force with the word “it”; instead, /abel which force you’re referring to with a name or a symbol.

If the individual objects remain in contact with each other, while moving in a straight line without
sliding relative to each other, then the individual objects, and the combined object, will all have the
same magnitude and direction of acceleration. We used this rule to substitute the same symbol ay, in
for both ac and ag, in our Newton’s Second Law equations.

23 www.freelance-teacher.com



http://www.freelance-teacher.com/

