CIRCULAR MOTION PROBLEMS
step-by-step solutions

These solutions build on the skills covered in my video series “Newton’s Second Law problems,
explained step by step”.

Step-by-step discussions for all solutions are also available in the YouTube videos.

For briefer solutions, use the Brief Solutions document.

The problems are available in the Problems document.

Answers without solutions are available in the Answers document.

You can find links to these resources at my website: www.freelance-teacher.com

You can support these resources with a monthly pledge at my Patreon page:
www.patreon.com/freelanceteacher

Or you can make a one-time donation using the PayPal Donate button on my website:
www.freelance-teacher.com

The solutions in this document build on the concepts covered in my video series “Newton’s Second
Law problems, explained step-by-step”. You may find it helpful to complete that series before trying
the problems in this series.

If you find that the video explanations move too slowly, you can simply try the problems in the
Problems document, study the solutions in the Solutions documents, and, if necessary, skip to the
particular parts of the videos that cover parts of the solutions that are giving you difficulty. Each video
has a table of contents, to make it easier to skip to particular topics.

If you find a particular problem to be difficult, then, after studying the solution, before you try the
next problem, you should take a blank piece of paper and retry that problem from scratch. Don’t move
on to the next problem in the series until you are comfortable with the solution for the current problem.

TABLE OF CONTENTS FOR THE VIDEO SERIES

(1) Horizontal circle

(2) Horizontal circle. Angular velocity

(3) Vertical circle

(4) Understanding the meaning of the concepts and formulas
(5) Horizontal circle. Multiple objects. Period

Solutions begin on next page.
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CIRCULAR MOTION PROBLEMS step-by-step solution for Video (1)

Video (1)

Here is a summary of some of the main steps in the solution:
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The step-by-step solution begins on the next page
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CIRCULAR MOTION PROBLEMS step-by-step solution for Video (1)

Here is the step-by-step solution:
A mass of 0.50 kg is attached by a string to a vertical pole. The mass travels around the pole in a

horizontal circle with radius 0.25 m. The string makes an angle of 30° with the vertical. What is the
speed of the mass?

P

The problem deals with circular motion. Many circular motion problems are solved using the
Newton’s Second Law problem-solving framework.

The problem mentions the concept of mass, which can be substituted into the Newton’s Second Law
equations.

The problem also mentions the concepts of radius and speed. These concepts can be substituted into
2

v . . . . .
the formula a :+T to find the radial component of the acceleration, which can in turn be

radial

substituted into the Newton’s Second Law equation for the radial component.

So we see that all the concepts mentioned in the problem can be substituted into the Newton’s
Second Law problem-solving framework, confirming that Newton’s Second Law is the correct
framework for solving the problem.

Draw the mass’s circular path of motion in the sketch, as shown above. Notice that, in this problem,
the object is moving in a horizontal circle.

When possible, represent what the question is asking you for using a symbol. The question asks
for the mass’s speed. Speed is the magnitude of the velocity vector. We can symbolize the magnitude of
the velocity with the symbol v, written without an arrow on top. So we write: ? =v

Notice that the symbol v (written without an arrow on top) stands for the magnitude of the velocity
vector (i.e., the speed); while the symbol Vv (written with an arrow on top) stands for the complete

velocity vector, including both magnitude and direction.

Check that all given units are SI units. The problem uses units of kilograms and meters, which
are indeed SI units.
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CIRCULAR MOTION PROBLEMS step-by-step solution for Video (1)

We usually need to draw a Free-body diagram for each object whose mass is mentioned in the
problem. So for this problem we will draw a Free-body diagram for the “mass of 0.50 kg”. Later in our
solution, we will apply the Newton’s Second Law equations to this mass.

Identify the object’s current position in the circle. Based on the sketch that we are given in the
problem, the object is currently located at the far right of the horizontal circle.

Draw a Free-body Diagram showing all the forces being exerted on the mass. (Do not include any
forces being exerted by the mass.)
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General two-step process for identifying the forces for your Free-body Diagram:
(1) Draw a downward vector for the object’s weight.
(2) Draw a force vector for each thing that is touching the object.
(This method works for most first-semester problems.)

In this case, the mass is being touched by the rope, which exerts a “tension force”.

Here is the rule for determining the direction of the tension force: The tension force points parallel
to the rope, and away from the object.

This rule embodies the commonsense idea that a rope can only pull, not push, on an object.

So, in this problem, the tension force points parallel to the rope, and away from the mass.

Notice that, in this problem, the object is not in contact with any “surface”, such as a table or
inclined plane. So, for this problem, there is no normal force on the object.

Notice that, for a circular motion problem, we use the same two-step process for drawing the Free-

body diagram that we would use for any other Newton’s Second Law problem. The key to this process
is to systematically ask yourself, “What is touching the object?”
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CIRCULAR MOTION PROBLEMS step-by-step solution for Video (1)

Next, we begin a “Force Table” for the object. The purpose of the Force Table is to organize the
data which we will be substituting into our Newton’s Second Law equations.
A mass of 0.50 kg is attached by a string to a vertical pole. The mass travels around the pole in a
horizontal circle with radius 0.25 m. The string makes an angle of 30° with the vertical. What is the
speed of the mass?
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In the first row of the Force Table, calculate or represent the magnitude of each of the overall
force vectors from your Free-body diagram, using this process:
* If you are given a value for the magnitude of a force, use that value to represent the magnitude.
* Otherwise, if a force has a special formula, use the special formula to calculate or represent the
magnitude.
* If a force has no given value and no special formula, represent the magnitude by a symbol.

We are not given a magnitude for either force in this problem.

We use the special formula w=mg to determine the magnitude of the overall weight vector (4.9 N).

There is no special formula for the magnitude of the tension force, so, in the first row of the Force
Table, we represent the unknown magnitude of the overall tension force vector with the symbol T’
(written without an arrow above it).

Try to use the exact right symbols. Notice that the symbols w, and T, written without arrows on top,
stand for the magnitudes of the overall vectors. In contrast, the symbols w ,and T , written with
arrows on top, stand for the complete vectors, including both direction and magnitude.

Remember, a “magnitude” is: a number that can be positive or zero, but that can never be negative.

For purposes of filling out your Force Table, do not try to figure out how the forces will interact

with each other. Let the Newton’s Second Law equations figure out those interactions for you, later in
your solution.
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CIRCULAR MOTION PROBLEMS step-by-step solution for Video (1)
A mass of 0.50 kg is attached by a string to a vertical pole. The mass travels around the pole in a
horizontal circle with radius 0.25 m. The string makes an angle of 30° with the vertical. What is the
speed of the mass? >
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Before you break the forces into components you must choose your axes.

For a circular motion problem, you should choose a radial axis that points zowards the center of the
circle. In our sketch the mass is located at the far right of the horizontal circle. So we choose a radial

axis (the x-axis) that points to the left. (The radial axis is sometimes called the “centripetal” axis.)

We also choose a y-axis that points up. This axis is perpendicular to the plane of the horizontal
circle.

Always write down your axes!

(If you like, you can also write down a z-axis, pointing out of the page. In this problem, the z-axis
would be a “tangential” axis, because it would be tangent to the circle. However, the z-axis is usually

not important for solving typical circular motion problems.)
The weight force is anti-parallel to the y-axis. Therefore, we can use the following rule to break the
weight force into components:
If a vector is parallel or anti-parallel to one of the axes, then
the component for that axis has the same magnitude and direction as the overall vector, and
the component for the other axis is zero.

The weight force points in the negative y-direction, so w, is negative. w, has the same magnitude as
the overall weight force, so w, = -4.9 N. And the other component, w,, is zero.

It is crucial to include a negative sign in front of w,.

The tension force is neither parallel nor anti-parallel to either axis. Therefore, we will need to apply
the “SOH CAH TOA” process in order to break the tension force into components, as demonstrated on
the next page.
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CIRCULAR MOTION PROBLEMS step-by-step solution for Video (1)
The tension force is neither parallel nor anti-parallel to either axis. Therefore, we need to draw a

right triangle in order to break the tension into components. Our axes are horizontal and vertical, so we
draw a right triangle with horizontal and vertical legs.

Because the tension force points up and left, we know that the components point up and left.
We choose to focus on the 30° angle in the right triangle (rather than on the 60° angle in the right
triangle) because that is the angle that was mentioned in the problem. T, is labeled “adjacent” because it

is adjacent to the 30° angle we are focusing on. T, is labeled “opposite” because it is opposite to the 30°
angle we are focusing on.

In our SOH CAH TOA equations, we substitute T, the unknown magnitude of the overall tension
force, for the length of the hypotenuse.
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We use absolute value symbols in our SOH CAH TOA equations because the SOH CAH TOA
equations can only tell us the magnitudes of the components. We determine the signs of the
components (“+” or “-”) in a separate step, based on the directions of the component arrows in our right
triangle. Include a “+” sign in front of positive components (like T,and T),). This will help you to
remember to include the crucial negative “-” sign in front of negative components.

Don’t assume that you will always use sine for the x-component and cosine for the y-component on

other problems. Use the SOH CAH TOA process, as illustrated above, to correctly determine the
components for each individual problem.
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CIRCULAR MOTION PROBLEMS step-by-step solution for Video (1)

Now we can add our results for T, and T, to our Force Table, as shown below.

Notice that, although we originally did not know the magnitude of the overall tension force, that did
not hinder us from breaking the tension into components. We simply represented the unknown
magnitude of the overall tension force with the symbol T, and we used that symbol T to help us
represent the tension components.

If you found it difficult to break the tension force into components, I recommend that you watch my
video series on “Vector components”.

A mass of 0.50 kg is attached by a string to a vertical pole. The mass travels around the pole in a

horizontal circle with radius 0.25 m. The string makes an angle of 30° with the vertical. What is the

speed of the mass? i

Frez-body diagram
Showing all the forces

e yerted op €ht mass

=

A perpendicular
]‘ & STk
adial - .
Forc.t. Table X <
= itud ¥
w'- Li.q N T rh:s:vernlelsv:cfors

sz O Tx: Wy 5T ’Scompunenfs
Wy= 4.4 N | Ty7+.866T

The purpose of the Free-body diagram is to represent the directions of the forces.
The purpose of the first row of the Force Table is to represent the magnitudes of the overall force
vectors.

The purpose of the second and third rows of the Force Table is to represent the components of the
force vectors.

Include a “+” sign in front of positive components (like T,and T,). This will help you to
remember to include the crucial negative “-” sign in front of negative components (like wy).

Notice that we do not include “+” signs in the first row of the Force Table. Remember, the first row
represents magnitudes. A magnitude can never be negative, so there is no need to emphasize that the
magnitudes in the first row are positive.

In contrast, a component can be negative. Therefore, it is helpful to include “+” signs in front of
positive components (like Tyand T,), to help us remember the crucial negative signs in front of negative
components (like wy).
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CIRCULAR MOTION PROBLEMS step-by-step solution for Video (1)

A mass of 0.50 kg is attached by a string to a vertical pole. The mass travels around the pole in a

horizontal circle with radius 0.25 m. The string makes an angle of 30° with the vertical. What is the

speed of the mass? T
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Next, we can use our Force Table to set up our Newton’s Second Law equations, as shown above.
This problem deals with motion in a horizontal circle. For a horizontal circle, you will typically need
to write Newton’s Second Law equations for the radial component, and for the component that is
perpendicular to the plane of the circle. Therefore, for this problem we write the Newton’s Second Law
equation for the x-component (the radial component) and for the y-component (the component that is
perpendicular to the plane of the circle.)
(For a vertical circle, in contrast, you will typically need to write a Newton’s Second Law equation
only for the radial component.)

If an object is motionless in a component, then that component of its acceleration is 0. In this
problem, the mass is moving in a horizontal circle. The block is motionless vertically, in the y-
component. Because the block is motionless in the y-component, a, = 0. So we substitute 0 for a, in
the Newton’s Second Law y-equation, as shown above.

For this problem, the x-component is the radial component.
2

. 1%
Therefore, to find a,, we use the formula a_, =+—

radial

In this formula, the symbol a4 stands for the radial component of the acceleration.
The radial component of the acceleration always points towards the center of the circle. So, if you
choose a radial axis that points towards the center of the circle, a4 Will be positive.

(The radial axis can also be referred to as the “centripetal” axis, so the radial component of the
acceleration, dr.gial, can also be referred to as the “centripetal” component of the acceleration, dcenipetal-)
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CIRCULAR MOTION PROBLEMS step-by-step solution for Video (1)
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The radial component of the acceleration always points towards the center of the circle.

So the radial component of the acceleration will be positive only if you choose a radial axis that
points towards the center of the circle.

Therefore, as a beginning physics student, you should choose a radial axis that points towards (rather
than away from) the center of the circle. This will ensure that the radial component of the acceleration
will be positive (as shown in the formula above).

(The radial axis can also be referred to as the “centripetal” axis, so the radial component of the
acceleration, g1, can also be referred to as the “centripetal” component of the acceleration, dcentipetal-)
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CIRCULAR MOTION PROBLEMS step-by-step solution for Video (1)
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At this point, the Newton’s Second Law x-equation still has two unknowns (T and v), so we
postpone working with the x-equation.

The Newton’s Second Law y-equation has only one unknown (7T), so we can now solve the y-
equation for T.
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Always include units on your results. All the units we substituted into the equations are in SI units, so
we can trust that our results are in SI units. Like any force, the SI units for the tension force are

O

Newtons.

Next, we substitute our result for T into the Newton’s Second Law x-equation.
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CIRCULAR MOTION PROBLEMS step-by-step solution for Video (1)

We substitute our result for T (5.66 N) into the x-equation. The x-equation now has only one
unknown remaining (v), so we can solve the x-equation for v, as shown above.
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For clarity I am showing every little step of the algebra. Of course, if the algebra was easy for you,
it would be fine to skip or combine some of these steps.

In our solution, we need to take the square root of 1.41. But recall that any positive number has both
a positive square root and a negative square root. Which should we take? The symbol v, written without
an arrow on top, stands for the magnitude of the velocity vector. A magnitude can never be negative.
Therefore, in our solution, we take the positive square root of 1.41, rather than the negative square root.

Always include units on your results. All the units we substituted into the equations are in SI units, so
we can trust that our results are in SI units. The SI units for velocity are m/s.

We have organized our math in two adjacent columns: all the versions of the Newton’s Second Law
x-equation in the left column, and all the versions of the Newton’s Second Law y-equation in the right
column. You should imitate this “two columns” approach in your own work.

Now we are ready to answer the question. The question asks for the speed of the mass. Speed,
symbolized v, is the magnitude of velocity vector. We have found that v = 1.19 m/s, so that gives us the
answer to the question. I will round the answer to two digits, as shown below.

A mass of 0.50 kg is attached by a string to a vertical pole. The mass travels around the pole in a

horizontal circle with radius 0.25 m. The string makes an angle of 30° with the vertical. What is the
speed of the mass?

Answer
?:V T;\Q SPQQJ oY £he
aane 18 LE -

Be sure to include units in your answer. An answer without units is wrong!
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CIRCULAR MOTION PROBLEMS step-by-step solution for Video (1)
Do our results make sense?
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Does our result that T = 5.66 N make sense?

Does it make sense that our result for T is positive? The symbol T, written without an arrow on top,
stands for the magnitude of the tension force. A magnitude can never be negative, so, yes, it makes sense
that our result for T is positive. ==

Does the size of our result for T make sense? We can calculate _’r - 4. 661

that T, = +4.9 N, as shown at right.
’ = +,‘866(5.6@
= +Y.9N
The weight force is trying to make the mass begin moving downward. In 1T, 1=4.9 N
order for the string to prevent the mass from beginning to move downward, /

T, must cancel w .
So, yes, it makes good sense that |T),|=4.9 N =w.

Tx

w=4Y.aN

Does our result that v = 1.19 m/s make sense?

1 m/s is roughly 2 miles per hour. So 1.19 m/s is, very roughly, 2 miles per hour. Two miles per hour
seems like a reasonable speed for the object to circle the vertical pole, so, yes, our result for v makes
sense.

(If you live in a country in which driving speeds are measured in km/hr, it will be helpful to know
that 1 m/s is, very roughly, 4 km/hr.)
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CIRCULAR MOTION PROBLEMS step-by-step solution for Video (1)

Recap

This problem illustrates that many circular motion problems can be solved using the Newton’s
Second Law problem-solving framework: (1) draw a Free-body diagram, showing all the forces
exerted on the object; (2) make a Force Table, showing the overall magnitude and components for each
force; (3) use the Newton’s Second Law equations to solve the problem.

Arrange your work on the Newton’s Second Law equations in two adjacent columns. This will help
to keep your math organized.

For a circular motion problem, choose a radial axis that points towards the center of the circle.
(The radial axis is sometimes called the “centripetal” axis.)

This problem deals with motion in a horizontal circle. For a horizontal circle, you will typically need
to write Newton’s Second Law equations for the radial component, and for the component that is
perpendicular to the plane of the circle.

(For a vertical circle, in contrast, you will typically need to write a Newton’s Second Law equation

only for the radial component.)
2

v . . oo
You can use the formula o =+ to substitute for the radial component of the acceleration in

your Newton’s Second Law equations. The radial component of the acceleration always points towards
the center of the circle. So, if you choose a radial axis that points towards the center of the circle, the
radial component of the acceleration will be positive. (The radial component of the acceleration, g, is
sometimes referred to as the “centripetal” component of the acceleration, dcengipetal-)

While moving in a horizontal circle, the mass is motionless vertically, in the y-component.
Therefore, we were able to substitute 0 for a, in the Newton’s Second Law y-equation.

To succeed with Newton’s Second Law problems, think in terms of components. For example:
Before using the Newton’s Second Law equations, we must break the tension force into components.
We treated a, (the radial acceleration) much differently than a, (which equals zero).

To understand why our result for T made sense, we noted that |T,| = w.

On this problem, we used sine to determine the x-component of the tension force, and cosine to
determine the y-component. But remember that there are some situations in which you will need to use
used cosine to determine the x-component, and sine to determine the y-component. Use the SOH CAH
TOA process to determine the correct approach for each individual situation.

Notice that, although we originally did not know the magnitude of the overall tension force, that did
not hinder us from breaking the tension force into components. We simply represented the unknown
magnitude of the overall tension force with the symbol T, and we used that symbol T to represent the
length of the hypotenuse in the SOH CAH TOA equations.

Always try to use the exact right symbol. When we write a vector symbol without an arrow on top,
the symbol stands specifically for the magnitude of the overall vector. For example:
T = magnitude of the overall tension force vector

T = the complete tension force vector, including both direction and magnitude
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CIRCULAR MOTION PROBLEMS

Video (2)

step-by-step solution for Video (2)

Here is a summary of some of the main steps in the solution for part (a):
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CIRCULAR MOTION PROBLEMS step-by-step solution for Video (2)

Summary of the key steps in the solution for part (b) and part (c):

OASUIOJ S,oetol umf Convers ion On3ul0lf Spe,tol V=IC—\>|" linear Spee.ol
lw] lfotni-on-zﬁm:’ ]LD) pe—— \%
in uaits of rpm 60 g3 | mia SI um{s-—_’_'_gﬁl_ SI un;{-s:ﬂS}_
®) 0,
)
" 67& Irotation 605 _15.9rotations | /= |col r = #S
2m 28 Tmin Pl g.37=]w|(5)
2IRAMEm 1 8.37= |t}
5 e
s =675 rad

Step-by-step solution begins on next page.
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CIRCULAR MOTION PROBLEMS step-by-step solution for Video (2)

An amusement park ride consists of a large hollow cylinder that rotates about its central axis quickly
enough that any person inside is held up against the wall when the floor drops away. The cylinder has a
radius of 5.0 m. The coefficient of static friction between the person’s clothing and the wall is 0.70.

(a) What is the minimum linear velocity required to prevent the person from slipping downward?

(b) What is the minimum angular velocity, in radians per second, required to prevent the person from
slipping downward?

(c) What is the minimum angular velocity, in rpm, required to prevent the person from slipping
downward?

@ (Q) 2 = Minimum V to ,ortuw't the
| person From slippiry dowaword

|

|

I

|

|
e

oy, B

The problem deals with circular motion. Many circular motion problems are solved using the
Newton’s Second Law problem-solving framework.
The problem mentions the concept of friction, which is a force that can be substituted into the

Newton’s Second Law equations. The problem also mentions the concepts of radius and linear velocity.
2

:+VT to find the radial component of the

These concepts can be substituted into the formula a

radial

acceleration, which can in turn be substituted into the Newton’s Second Law equation for the radial
component.

So we see that all the concepts mentioned in the problem can be substituted into the Newton’s
Second Law problem-solving framework, confirming that Newton’s Second Law is the correct
framework for solving the problem.

When possible, represent what the question is asking you for using a symbol—or; in this case, a
combination of words and a symbol. The question asks for the person’s linear velocity. “Linear
velocity” is the ordinary concept of velocity that we usually use in physics, with symbol v and SI
units of meters per second.

(You can see that the term “linear velocity” is a somewhat misleading name to use for this concept,
since we can still apply the concept of linear velocity even when the object is not moving in a straight
line. For example, we can apply the concept of linear velocity to this problem, even though the person
is moving in a circle, rather than in a straight line.)

In this context, the question is best interpreted as asking for the magnitude of the velocity—i.e., the
person’s speed. We can symbolize the magnitude of the linear velocity with the symbol v, written
without an arrow on top. So we write: ? = minimum v

Check that all given units are SI units. The problem uses meters, which are indeed SI units.

www.freelance-teacher.com


http://www.freelance-teacher.com/
http://www.freelance-teacher.com/

CIRCULAR MOTION PROBLEMS step-by-step solution for Video (2)

An amusement park ride consists of a large hollow cylinder that rotates about its central axis quickly
enough that any person inside is held up against the wall when the floor drops away. The cylinder has a
radius of 5.0 m. The coefficient of static friction between the person’s clothing and the wall is 0.70.

() What is the minimum linear velocity required to prevent the person from slipping downward?

@ <CL) 2 = Minimum V to ,ortuvl'(‘. the
’ PQ-"‘SO” From S,;'DP;AJ dOUAWU"'Gl

I
il = horderling, V, such thot £he person
w js on the borderline bedween 5}'.,0,,,_:;13
I dowaward and Aot Spr,oinj

= <|_> ' Assume V e.aou.qls the horderliae valut.
w Assume that, at the borderline v,
the ptrsondoes not inP.

Although the problem refers to the “minimum” linear velocity, what the problem is really asking for
is the “borderline” linear velocity—the value of v for which the person is just on the borderline
between starting to slip downward and not starting to slip. So we can rewrite the question as shown
above:

(a) ? = borderline v,
such that the person is on the borderline between slipping downward and not slipping

Ths perse’ s lips |T}-.c. person does not
dowaword Slip

— e — —

!
borderline
it

The borderline v is described in the problem as the minimum speed required to prevent the person
from slipping downward. So, when v is greater than the borderline value, the person will not slip; and,
when v is less than the borderline value, the person will slip downward.

To solve a minimum or maximum problem involving whether an object will slide:
assume that the object is on the borderline between sliding and not sliding;
and assume that, at the borderline, the object will not slide.

Therefore, in order to solve this problem, we will assume that v is at the borderline value, at which
the person is on the borderline between slipping downward and not slipping. And, we will assume that,
at the borderline v, the person will not slip. Write down these assumptions, as shown above.

Since we assume that the person is not slipping downward, they will move in a horizontal circle.
Draw the person’s circular path of motion in your sketch, as shown above.

Since we assume that the person will not slip, we will apply static friction, not kinetic friction. Since
we assume that the person is on the verge of slipping, we apply maximum static friction.
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CIRCULAR MOTION PROBLEMS step-by-step solution for Video (2)

We usually need to draw a Free-body diagram for each object whose mass is mentioned in the
problem. But this problem does not mention any masses. So what object should we draw the Free-body
diagram for? The problem is about what it takes to prevent “the person” from slipping downward. So
we will draw a Free-body diagram showing all the forces being exerted on the person.

For concreteness, let’s assume that the person is currently located at the far left of the cylinder, as
shown by the dot in the sketch below. (If you prefer, it would be fine to assume that the object is
currently located at the far right of the horizontal circle, as in the previous video.)

/’r€{~éoo‘7 d;'aﬁrqm
lﬁ—fﬂ'm Show?nﬁ all the forces
e Xe,—{@d on -é/-c FC/‘SO"\

|
— T —

W max:i?s
__._..--""_-_'—II_-_-"'""-H 7{
o Bl 3 R
M Pt
General two-step process for identifying the forces for your Free-body g
Diagram: w

(1) Draw a downward vector for the object’s weight.
(2) Draw a force vector for each thing that is touching the object.

In this case, the person is being touched by the wall of the cylinder.

A wall is treated as a “surface”, which can exert both a normal force and a frictional force.

We are assuming that the person does not slip, so we apply static friction, not kinetic friction. We
are assuming that the person is on the verge of slipping, so we apply maximum static friction.

Here is the rule for determining the direction of the normal force:
The normal force points perpendicular to, and away from, the surface that is touching the object.
(In math, the term “normal” means “perpendicular”.)

So, on this problem, the normal force points perpendicular to, and away from, the surface of the
wall. In our sketch the person (represented by the dot) is located at the far left of the horizontal circle.
So the normal force points to the right.

Here is the rule for determining the direction of the maximum static friction force:
1. Ask, in what direction are we imagining the object to be on the borderline of sliding?
2. The direction of the max f . is parallel to the surface, and opposite to the direction determined in
step 1.
pThe person is on the borderline of slipping parallel to, and down, the wall. Therefore, the direction
of the max f . will be parallel to, and up, the wall. This is the direction required to prevent the person
from slipping down the wall.

Remember: The normal force is always perpendicular to the surface. And the friction force is
always parallel to the surface.
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CIRCULAR MOTION PROBLEMS

step-by-step solution for Video (2)

Ffe{-'éocﬂy C’]Q roam
= W

Slnew'lna all the forces
=M 5 ¢ xerted on the person
L fooct

F. = Ms n
max Tsg S .
g X
vV

- magqnitudes of
n \n’mx $5 .7!'\ {he.gour_ra” vectors
w e [} .= may Fsx
X
N

comp onenfs
— mOX $Sy:

In the first row of the Force Table, represent the magnitude of each of the overall force vectors.
We use the special formula w=mg to represent the magnitude of the overall weight vector. We are
not given the person’s mass, so we continue to use the symbol m to represent the mass. Then the
magnitude of the weight is 9.8m.
(Remember, we are using m here to stand for mass, not for meters!)

We are assuming that the person does not slip, so we apply static friction. We assume the person is
on the verge of slipping, so we apply maximum static friction.

There is a special formula for the magnitude of maximum static friction: “max f; = ysn”. We apply
this special formula to represent max f; in our Force Table.

There is no special formula for the magnitude of the normal force, so we simply represent the
unknown magnitude of the normal force with the symbol n.

For purposes of filling out your Force Table, do not try to figure out how the forces will interact
with each other. Let the Newton’s Second Law equations figure out those interactions for you, later in

your solution. (Of course, the formula max f; = py will automatically take into account the interaction
between the normal force and maximum static friction force.)
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CIRCULAR MOTION PROBLEMS step-by-step solution for Video (2)

F/‘e{-"k\on:):f C, ;starh

S?Aew'ﬂna all the forces
m b\):m 5 e xerted on ke person
S procts
F. = Ms n
max Tsg S .
S S8
vV

YPQfPl-J-':u‘qr te
the plane of the civcle

Force Table e

= - ma ntudes og
w 2 C:j - Qm n mMax .F.S :7[\ {._ke_aougro.“ vectors
- < max Fsx= 0O
Wx- O ﬂx“ +n X Vsx compone_nf_-;

Wy ==9.8m [Ny = O [mexier ™I
y -

For a circular motion problem, you should choose a radial axis that points towards the center of the
circle. In our sketch the person (represented by the dot) is located at the far left of the horizontal circle.
So we choose a radial axis (the x-axis) that points to the right.

We also choose a y-axis that points up. This axis is perpendicular to the plane of the horizontal
circle.

The weight force is anti-parallel to the y-axis, the maximum static friction force is parallel to the y-
axis, and the normal force is parallel to the x-axis. Therefore, we can use the following rule to break all
of the forces into components:

If a vector is parallel or anti-parallel to one of the axes, then
the component for that axis has the same magnitude and direction as the overall vector, and
the component for the other axis is zero.

The weight force points in the negative y-direction, so w, is negative. w, has the same magnitude as
the overall weight force, so w, = -9.8m. And the other component, w,, is zero. It is crucial to include a
negative sign in front of w,.

The normal force points in the positive x-direction, so n, is positive. n, has the same magnitude as
the overall normal force, so n, = +n. And the other component, n,, is zero.

The maximum static friction force points in the positive y-direction, so max f;, is positive. max f;,
has the same magnitude as the overall friction force, so max f;,= +.7n. And the other component,
max fs, 1S zero.

Include a plus sign in front of positive components (such as », and max f;,). This will help you to
remember to include the crucial negative sign in front of negative components (such as w,).
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CIRCULAR MOTION PROBLEMS step-by-step solution for Video (2)

y f’ln‘ iewlar To
e:.. p-‘-ng of the circle

Force Table [y

s = nitud 5
W ™ Oj . ?m n mMmax {-3-"—(73“ Th:soucrnﬁsvgcfors
Wy= O N = +n|Mox Fsx® ———

- - max Tsy>to/n
Wy =-%.m g0 =

Next, we can use our Force Table to set up our Newton’s Second Law equations, as shown below.

This problem deals with motion in a horizontal circle. For a horizontal circle, you will typically need
to write Newton’s Second Law equations for the radial component, and for the component that is
perpendicular to the plane of the circle. Therefore, for this problem we write the Newton’s Second Law
equation for the x-component (the radial component) and for the y-component (the component that is
perpendicular to the plane of the circle.)

(For a vertical circle, in contrast, you will typically need to write a Newton’s Second Law equation
only for the radial component.)

If an object is motionless in a component, then that component of its
. . . . . e ~—50m
acceleration is 0. We are assuming that the person is not slipping downward. |

Therefore, the person is moving in a horizontal circle, as shown at right. -
Therefore, the person is vertically motionless. Because the person is motionless in ¢= a g
the y-component, a, = 0. So we substitute O for a, in the Newton’s Second Law y- qle——/
equation, as shown below. /’—"‘I—*\\\
(Now we can see how our assumption that the person does not slip at the o

borderline v helps us to solve the problem. The assumption helps us solve the
problem because it allows us to substitute 0 for a, in the Newton’s Second Law y-equation.)

The radial component of the acceleration always points towards the center Gi = +V?
of the circle. Since we chose a radial axis that points towards the center of the radial “‘F."'
circle, a,.qia Will be positive. 2

For this problem, the radial component is the x-component; SO Gragial iS . Q w =% \;_

2

v . . :
So the formula a4, =+-— gives us an expression to substitute for a, in
r

the Newton’s Second Law x-equation, as shown below.
£ F = May £iFy" Moy
) X
N\ [-98m+O+ 77 =m(0)
O +p[v+ Oy=s M VS
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CIRCULAR MOTION PROBLEMS

step-by-step solution for Video (2)
é}: = MQ, ] éF '-'-nn(c)zy
“9E8mM+Q+7n =m(O
. (Y
0+n+ O= M(E)| " gomen=0
n =0

At this point, we have two equations with a total of three unknowns (n, m, and v), so we have more
unknowns than equations.

Nevertheless, we will use the Substitution Method to attempt to solve this system of equations. We
will have to hope that one of the unknowns will “cancel out” during our solution

A common pattern when solving Newton’s Second Law equations is to begin with the equation with

the zero acceleration component, solve that equation for n, and substitute our result for n into the other
Newton’s Second Law equation. We will follow that pattern for this problem

For this problem, a, is zero. So let’s begin by solving the Newton’s Second Law y-equation for n

(Of course, the Newton’s Second Law x-equation was already solved for n. So it would also be fine
to use an alternative approach in which we take the result for n from the x-equation, and substitute it
into the y-equation. I will briefly present that alternative approach, later in this solution.)

£iFy :m(C)IJ'
2 -99 + - O
O+n+ O= m(\/ MR+ 10 am

9.8m+ . In~ O
T +9.¢m
N =2

Remember, in the result n=14m, the symbol m stands for “mass

, not for “meters”.
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CIRCULAR MOTION PROBLEMS step-by-step solution for Video (2)

Next, we substitute our result for n into the Newton’s Second Law x-equation.

£ F .= mMay zF,=may,
= -9 9m+0+7n =m(0)
O+n+O= M _ﬂ) 9.8m+TIn=0

n=14m
The question is asking us for v, so now we need to solve the Newton’s Second Law x-equation for
v. You may already be able to see that, fortunately, the m’s will cancel out of the equation.

2 e £F,= ma,
é F- "o\ |-9.8me0+ 7n =m(0)
5 9.8m+.TIn=0

+9.¢m - +9.8m

m TIn=9.8mMm

- —n _9.8m
[4m e

[rn= 60, 7
S n= 14 m
5 .04 m):(m .V?. 5.
m S Fes
5 Trers e 5, B
Fr S R
“FOE

meters
= 8 - ?)-7 Se Cond
In the fifth line of the left column above, v? is being multiplied by the fraction M To remove the

% fraction, we multiply both sides of the equation by the reciprocal, % .

Fortunately, all the m’s cancel out of the equation.
We organize our algebra in two adjacent columns. This helps to keep the math organized.
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Here is an alternative solution.

Al ternative Solution

é:l:x: éF may

X
(\/2) -9 E8m+O+ 7n m(0)
5

Chepes £y 11
N = L35~ Aems Sfmr)=0
>
-9.¥m+ l.mvzzo
5
~9.€m*.JYmv2=0
+9.8m +3.8m
JYmv*=9.8m
4y _ 9.8p
i ma JY
=70
V==)770 g
v B Rt

Notice that again, in this alternative solution, all the m’s eventually cancel out.
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CIRCULAR MOTION PROBLEMS step-by-step solution for Video (2)
—7 e i‘.‘ erS
\/ m— 8 o 3 Second

Now we’re ready to answer the question for part (a).

An amusement park ride consists of a large hollow cylinder that rotates about its central axis quickly
enough that any person inside is held up against the wall when the floor drops away. The cylinder has a
radius of 5.0 m. The coefficient of static friction between the person’s clothing and the wall is 0.70.

(a) What is the minimum linear velocity required to prevent the person from slipping downward?

(CL) 2 = minimum v to preveat the
" person From slipping dowawoard

= horderling Vv, s uch that £he person
is On the borderline beiweena slipping
downward and not sli pinj

Answer Sor purt (a)

T}qQ m‘mllMum “ﬂQo/‘
VQJIOC;%,‘F' ."’teou'if?.a 2o P/‘QUQ.;\‘t

the person Yrom Sf?ppfnﬂ downrward
T P -

Check that your answer includes units. An answer without units is wrong.
Check that you have answered the right question, and that you’ve answered all parts of the
question. So far we’ve only answered part (a). We still need to answer parts (b) and (c)!
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Now let’s work on parts (b) and (c) of the problem.
An amusement park ride consists of a large hollow cylinder that rotates about its central axis quickly
enough that any person inside is held up against the wall when the floor drops away. The cylinder has a
radius of 5.0 m. The coefficient of static friction between the person’s clothing and the wall is 0.70.
(a) What is the minimum linear velocity required to prevent the person from slipping downward?
(b) What is the minimum angular velocity, in radians per second, required to prevent the person from
slipping downward?
(c) What is the minimum angular velocity, in rpm, required to prevent the person from slipping
downward?

2= Mminimum v to ,artuwt the
@ (CL) g person from sl‘-,opiﬁj d owawoard

(/{J) ?:m;nimumlw] to ,thwm't ¢ he

person from slippiny dowaward,

(n rod /_S

@ (\f,) ? = Mminimum |l to ,orf,uw‘t the

person from sl‘.'oplnj douﬂwardJ
in CpmM

Part (b) asks for the minimum angular velocity, in radians per second, required to prevent the person

from slipping downward.
In this context, the professor probably expects the student to provide only the magnitude of the

angular velocity, also known as the “angular speed”.

When possible, represent what the question is asking you for using a symbol—or, in this case,
a combination of words and a symbol. The symbol for angular speed is |®|, so we write:
(b) ? = minimum || to prevent the person from slipping downward, in radians per second.

Part (c) asks for us to convert our answer from part (b) from radians per second to rotations per

minute.
Notice that “rpm” stands for “rotations per minute”.

® = angular velocity

|| = magnitude of the angular velocity
= angular speed

If we assume that the object’s direction of rotation is the positive direction, then the angular velocity
will always be positive. In that case, the angular speed || will equal the angular velocity w. Therefore,
for the sake of simplicity, in this context many professors do not distinguish carefully between angular
speed and angular velocity.
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We can use the following “flow chart” to answer parts (b) and (c).

Qayular spetd it comersion  Qnyular speed linear speed

Jes) 7 Musl | L,
e o | rotatiensZ 1 rad
in uaits of rpm £0 sz | mia ST unifsz%i SL Uni‘t‘s—_-_f'!'g_
Vzleol r = BS

§.377= |l (5)
Q.37 = [eo|t5)
=3 %rad
Jeo) =1.67 5

From part (a), we know that v = 8.37 m/s.

To answer part (b), we use the formula v = |w|r, as shown above.
Write the general formula before you plug in specifics.

After we write the general formula, we plug specifics into the formula.
We substitute v = 8.37 m/s and r = 5 meters into the formula.

Make it a habit to write down general formulas (for example, v=|w|r) before you plug in specifics.
Students often make mistakes when they don’t write down general formulas. For example, in this
situation, students who neglect to write down the general formula often make the mistake of
multiplying the linear speed by the radius; when, in fact, the correct way to determine the angular speed
is to divide the linear speed by the radius.

You may notice that, in the videos and in this solutions document, I am modeling this approach. I
always write down general formulas before plugging in specifics.

Since all the values we substituted into the formula are in SI units, we know that our result for ||
will be in SI units. The SI units for angular speed are radians per second, which are the desired units for
our answer for part (b).

Technically, the formula v = |w|r refers to the angular speed, symbolized by ||, not to the angular
velocity, symbolized by .

However, if we assume that the object’s direction of rotation is the positive direction, then the
angular velocity will always be positive. In that case, the angular speed |w| will equal the angular
velocity . Therefore, for the sake of simplicity, many professors would write the formula as v = wr,
rather than v = |o|r.

By the way, the formula v = |o|r only works when |w| is measured using radian-based units, such as
radians per second or radians per minute. The v = |o|r formula does not work if || is measured in rpm.
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Qagular P it cunersian Oﬂ3uh1f speed lesslr linear SPEE_(;‘.
-~ >

vzleo
] | o] | rotationsZ1r rad |oo] v
inuaits of FPM 15 2 ) min ST units= rod ST units =22
S
© | @ -
EE g rﬁ ) | rotation 605 _15.7 rotations V= }c,._:l ' V=9 - T )

s 2md Twinn ™| 0372 |col(5)
RIEATE 1 8.37 % |oslt5)

5 -
el = 167522

Notice that “rpm” stands for “rotations per minute”. For part (c), we need to convert our result
for angular speed from units of radians per second into units of rotations per minute (rpm).

To convert || from units of radians per second to units of rotations per minute (rpm), we use an
ordinary unit conversion process, as shown above.

To obtain the necessary conversion ratios, remember that:
1 rotation = 2mt radians, and
60 seconds = 1 minute

Write each conversion ratio in such a way that the units cancel in the desired fashion.
1 rotation

For example, for this problem, we should write the conversion ratio as Srrad so that the
mra
radians on the bottom of the ratio will cancel with the radians on the top of the fraction in
rad . . . 2mrad
1.67 , as shown above. We should not write the conversion ratio as —————— , because
second 1 rotation

then the radians units will not cancel.

For this problem, we should write the conversion ratio as , so that the seconds on the top of

rad
second

min

the conversion ratio will cancel with the seconds on the bottom of the fraction in 1.67 , as

shown above. We should not write the conversion ratio as , because then the seconds units will

min
60s
not cancel.

Answers Yor parts (b) and (c).

] f’jQ_ M nIM U AN G'-ﬁgl.blﬁ,f'"
Ue_lﬂc.;t‘?’ FE‘T()U-IFQC.I Zo Prq_uqﬂ.t

J:fa,ta_ person "\-‘K‘OM S“pp;ﬂf} dbwﬂwﬁfcl

is 1752, or l6 rpm.
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Do our results make sense?
yrrﬂudiw Te

he plang of the circle
Forcc. Ta ‘o’& T_’Si:’
W=9.8m |n |moexfieTn S el
w:t: O n X: L e ¥sx- - Conponenfs
= O |mox Fsy=t/n

wY:-q.Sm ny-

We obtained n = 14m.
(Remember, the m in this equation stands for mass, not for M\ O X -‘-\ g 5 ._7 n

meters.)

We can use our result for n to calculate that max f; = 9.8m, as O 7 (I 4 f"\)
shown at right. Does this make sense? = 77 ( | L.,) M
AmaxF= 9.9 m S SR

;1’ The weight force is trying to make the person begin slipping downward. But in
L_% our solution we assumed that the person will not slip. To prevent the person from
beginning to slip downward, maxf; must cancel w .

So, yes, it makes good sense that max f; = 9.8m = w.

Vw=99m

We obtained v = 8.37 meters per second. It’s helpful to memorize that 1 m/s is roughly 2 miles per
hour; so our result of 8.37 m/s is, very roughly, 16 miles per hour. 16 mph does seem like a reasonable
speed for the cylinder to be rotating, so, yes, our result for v makes sense.

We obtained |o| = 16 rpm. 16 rotations per minute does seem like a reasonable speed for the
cylinder to be rotating, so, yes, our result for |o| makes sense.

Actually, I think a real amusement park ride would rotate more quickly than 16 miles per hour or 16
rotations per minute. But remember that the problem asked for the minimum speed that will keep the
person from slipping, so it’s not surprising that a real ride would rotate more quickly than this
minimum.

(If you live in a country in which driving speeds are measured in km/hr, it will be helpful to
memorize that 1 m/s is, very roughly, 4 km/hr. So 8 m/s is, very roughly, 32 km/hr.)

www.freelance-teacher.com


http://www.freelance-teacher.com/
http://www.freelance-teacher.com/

CIRCULAR MOTION PROBLEMS step-by-step solution for Video (2)

Recap:

Did you correctly identify the directions of the normal force and frictional force in mae ¥
this problem? Remember, the normal force is always perpendicular to the surface,
while the frictional force is always parallel to the surface. If you have a vertical
surface, such as the vertical wall of the cylinder, these rules imply that the frictional
force will be vertical and the normal force will be horizontal.

}_{
_—————— "
—
w

To solve a maximum or minimum problem involving whether an object will slide:
assume that the object is on the borderline between sliding and not sliding;
and assume that, at the borderline, the object does not slide.

Since the object will not slide, you should apply static friction. Since the object is on the verge of
sliding, you should apply maximum static friction. Because static friction is at its maximum, you can
use the special formula for determining the magnitude of maximum static friction, max f; = psn.

On this problem, since the person does not slip downward, we can substitute 0 for a, in the
Newton’s Second Law y-equation.

The problem did not give us the person’s mass, so in our solution we simply represented the
unknown mass with the symbol m. The symbol m eventually canceled out of the Newton’s Second Law
equations.

For a circular motion problem, choose a radial axis that points towards the center of the circle.
2

v . . .
You can use the formula U=+ 10 substitute for the radial component of the acceleration (for

this problem, a,) in your Newton’s Second Law equations. This formula only works if you choose a
radial axis that points towards the center of the circle!

This problem deals with motion in a horizontal circle. For a horizontal circle, you will typically need
to write Newton’s Second Law equations for the radial component, and for the component that is
perpendicular to the plane of the circle.

(For a vertical circle, in contrast, you will typically need to write a Newton’s Second Law equation
only for the radial component.)

We organize our work on the Newton’s Second Law equations in two adjacent columns. This helps
to keep the math organized.

To convert from v (measured in SI units of meters per second) to || (measured in SI units of
radians per second), we used the formula v = |w|r.

To convert || from units of radians per second to units of rotations per minute (rpm), we used an
ordinary unit conversion process. To obtain the necessary conversion ratios, remember that:
1 rotation = 2n radians, and
60 seconds = 1 minute
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CIRCULAR MOTION PROBLEMS

Video (3)

step-by-step solution for Video (3)

Here is a summary of some of the main steps in the solution:
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Notice that we use different sets of axes at the top of the circle and the bottom of the circle.
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Here is a step-by-step solution to the problem:

A pilot flies a plane in a vertical circle of radius R. The plane’s speed at the bottom of the circle is v,.
At the top of the circle, the pilot is upside down. What is the speed v, of the plane at the top of the
circle, such that the force from the seat cushion that the pilot feels at the top of the circle will be the
same as at the bottom of the circle?

o=y
Such that 2hy Forc frem the seat Cushion at the battom of dhe circh
has the same man;iuJe as at the top of ¢he circle

S

Givens* Rsvﬁ B
Draw a vertical circle to represent the pilot’s path of motion. (Notice that this is the first problem in
this series which deals with motion in a vertical circle, rather than with a horizontal circle.)

When possible, represent what the question is asking you for using a symbol. The question asks
for the pilot’s speed at the top of the circle, and the question tells us to use the symbol v, to represent
that speed. So we write:

? =, such that the force from the seat cushion has the same magnitude at the bottom and the top of the
circle

This problem is a symbolic problem, rather than a numeric problem, because the problem gives us
symbols to work with (R and v,) rather than giving us numbers.

For a symbolic problem, such as this one, we should write down a list of the given symbols, as
shown above.

A symbol that is explicitly mentioned in the problem is treated as a given. So for this problem, the
symbols R and v, are treated as givens.

Exception: The symbol v, is mentioned in the problem, but obviously the symbol v, should not be
treated as a given, since v, is what the question is asking us for.

A symbol that is not explicitly mentioned in the problem is not treated as a given. Exception: The
symbol g is treated as a given, even though it was not mentioned in the problem, because g represents a
known physical constant (9.8 m/s?).

Write down your list of given symbols, as shown above.

Why is it helpful to write down a list of the given symbols?

The list of given symbols is helpful because we can treat the “given” symbols as “knowns”.
Therefore, listing the givens for a symbolic problem will help us to identify which symbols in our
equations stand for “knowns” and which symbols stand for “unknowns”.

Furthermore, only symbols that are treated as givens should be included in our final answer.
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A pilot flies a plane in a vertical circle of radius R. The plane’s speed at the bottom of the circle is v,.
At the top of the circle, the pilot is upside down. What is the speed v, of the plane at the top of the
circle, such that the force from the seat cushion that the pilot feels at the top of the circle will be the
same as at the bottom of the circle?

The problem mentions the concept of force, which is a concept that can be substituted into the

Newton’s Second Law equations. The problem also mentions the concepts of radius and speed. These
2

. . v : .
concepts can be substituted into the formula a =+ to find the radial component of the

radial

acceleration, which can in turn be substituted into the Newton’s Second Law equation for the radial
component. So we see that all the concepts mentioned in the problem can be substituted into the
Newton’s Second Law problem-solving framework, confirming that Newton’s Second Law is the
correct framework for solving the problem.

We usually apply the Newton’s Second Law equations to the object whose mass is mentioned in the
problem. This problem does not mention the concept of mass, so which object should we focus on? The
problem refers to the force exerted by the seat cushion on the pilot. This is a clue that we should apply
the Newton’s Second Law equations to the pilot—not to the plane!

The problem refers to the pilot’s situation at the bottom of the circle, and also to the pilot’s situation
at the top of the circle. So we will need to apply Newton’s Second Law to the pilot’s situation at the
bottom of the circle, and we will apply Newton’s Second Law a second time to the pilot’s situation
at the top of the circle. The problem says the magnitude of the normal force (n) from the seat cushion
is the same at the top and bottom of the circle, so n is our connecting link between the two frameworks.

Our plan for solving this problem is, first, to apply the Newton’s Second Law problem-solving
framework to the plane’s situation at the bottom of the circle, using this framework to determine the
magnitude of the normal force exerted by the seat cushion on the pilot. Then, using the value for » that
we determine at the bottom of the circle, we will apply the Newton’s Second Law problem-solving
framework to the top of the circle, using this framework to determine v,.

The notes below summarize our plan for how we are going to solve the problem.

Tz,

Ng\,\)'}on\S §econdd Lo\u) F/‘u.mewor/ﬂ
ot {op of circle

|

n

f

[\)Q\,J‘}Of\lS (e (,o.\d Lou,J Frumewor/ﬂ
ot bottom of circle

Based on this plan, we need to begin by applying the Newton’s Second Law framework to the pilot
at the bottom of the circle. We begin this process on the next page.
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Following the plan we laid out on the previous page, we begin by applying the Newton’s Second
Law framework to the pilot at the bottom of the circle.
We begin by the drawing the Free-body diagram showing all the forces exerted on the pilot when
the plane is at the bottom of the circle.
Draw a dot at the bottom of the circle, as shown below, to emphasize that, for this part of the
solution, we are focusing on the situation when the plane is located at the bottom of the circle.
Ff'ee-chy diqc_a'rn.m
anou-"'n C\” the J;ofccS

Q)(e,r‘fe.d. on the pilot

General two-step process for oL the hottom of ¢he eiroh

identifying the forces for your Free-body

. -
Diagram: //—ﬁﬁ..\ A Ny
(1) Draw a downward vector for the g \
object’s weight. [ ‘

(2) Draw a force vector for each thing P Thats ‘\\ P
that is touching the object. e ~—e— P
Se ot
VW

The pilot is being touched only by the seat cushion.
The seat cushion is treated as a “surface”, which can exert both a normal force and a frictional
force.

Here is the rule for determining the direction of the normal force:

The normal force points perpendicular to, and away from, the surface that is touching the object.

So, on this problem, the normal force exerted by the surface of the seat cushion on the pilot points
perpendicular to, and away from, the surface of the seat cushion. When the plane is at the bottom of the
circle, the pilot will be sitting on top of the seat cushion. So, when the plane is at the bottom of the
circle, the seat cushion will exert an upward normal force on the pilot.

We use the symbol 1, to represent this upward normal force in our Free-body diagram, where the
subscript b indicates that this is the normal force at the bottom of the circle.

It is possible that the seat cushion may also be exerting a frictional force on the pilot. However, this
frictional force will not play a significant role in the solution of the problem, so we can disregard it.

How do we know that we can safely disregard any possible frictional force? One important clue that
we can disregard friction is that the problem never mentions friction.

A second clue is that, if there is friction, the frictional force will be tangent to the circle. But, for
typical problems, the tangential component is usually of little importance for either horizontal or
vertical circles.

(Thus, a more accurate label for our Free-body diagram for this particular problem would be “Free-
body diagram showing all the forces exerted on the pilot at the bottom of the circle in the radial
component.”)
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Free-hody diagram
SA°"":N_‘) O.” {'-h"' ;Df"CCS

e yerted on €he PHO'&
at the hottom of ¢the circle

\ F{s

Vw
Force Table  (Givens® R
S = \\ - mtu‘ F
y W= Al nb i ‘g r}: onr.flsv:cfors
W= Noe® components
. Wy - ﬂbr =

In the first row of the Force Table, we represent the magnitude of each of the overall force vectors.

We use the special formula w=mg to represent the magnitude of the overall weight vector. We are
not given a symbol for the pilot’s mass, so we continue to use the symbol m for this mass. And since
this problem is symbolic, rather than numeric, we will continue to use the symbol g, rather than the
number 9.8 m/s?. So, in the first row of our Force Table, we represent the magnitude of the overall
weight vector as w=mg, as shown above.

There is no special formula for the magnitude of the normal force, and we are not given a symbol
for the magnitude of the normal force, so we represent the unknown magnitude of the normal force
with the symbol n. The problem tells us that the magnitude of the normal force will be the same at the
top and the bottom of the circle, so we do not need to continue using a b subscript when referring to the
magnitude of the normal force.
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For a circular motion problem, you should choose a radial axis that points fowards the center of the
circle. At this point in our solution, we are assuming that the pilot is at the bottom of the circle (as
indicated by the dot in our sketch). So we choose a radial axis that points up.

Notice that, for this problem, the radial axis is the y-axis. In contrast, in each of the previous
problems in this series, the radial axis was the x-axis.

We also choose an x-axis that points right (since that is the pilot’s direction of motion at the bottom
of the circle). In this problem, the x-axis is tangential to the circle.

(If you like, you can also write down a z-axis, pointing out of the page. This z-axis would be
perpendicular to the vertical plane of the circle. However, the z-axis is usually not important for solving
typical circular motion problems.)

The normal force is anti-parallel to the y-axis, and the weight force is parallel to the y-axis.
Therefore, we can use the following rule to break both forces into components:

If a vector is parallel or anti-parallel to one of the axes, then
the component for that axis has the same magnitude and direction as the overall vector, and
the component for the other axis is zero.

The weight force points in the negative y-direction, so w, is negative. w, has the same magnitude as
the overall weight force, so w, = -mg. And the other component, w,, is zero.

The normal force points in the positive y-direction, so n,, is positive. n,, has the same magnitude as
the overall normal force, so n,, = +n. And the other component, nyy, is zero.

Include a positive sign in front of positive components (such as ny,). This will help you to
remember the crucial negative signs in front of negative components (such as w,).
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Next, we can use our Force Table to set up our Newton’s Second Law equation, as shown above.

Our Force Table shows forces only in the y-component (the radial component), not in the x-
component (the tangential component). So, for this problem, we write the Newton’s Second Law
equation only for the y-component (the radial component).

As we discussed earlier in this solution, it is possible that there may be a frictional force in the x-
component (the tangential component). But the problem never mentioned friction. Furthermore, for
typical problems, the tangential component is usually of little importance for either horizontal or
vertical circles, even if there are forces in the tangential component.

For a vertical circle, you will typically need to write a Newton’s Second Law equation only for
the radial component.

(In contrast, as we have seen in the previous videos, for a horizontal circle you will typically need
to write Newton’s Second Law equations for the radial component, and for the component that is
perpendicular to the plane of the circle.)

The problem does not give us a symbol for the pilot’s mass, so we continue to use the symbol m for
the mass.

For this problem, the y-component is the radial component. So to find a,,, we use the formula
2

a :+VT . For the pilot’s speed at the bottom of the circle, we substitute v,, the symbol we were

radial

given in the problem. (Actually, the problem says that v, is the speed of the plane. But the pilot is
traveling in the plane, so the pilot’s speed can also be represented as v;.)

For the radius we substitute the symbol R, the symbol we were given in the problem.

The radial acceleration always points towards the center of the circle, and we have chosen a radial
axis (the y-axis) that points towards the center of the circle, so the radial acceleration will be positive.
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The Newton’s Second Law y-equation contains three “given” symbols (R, v, and g). We treat these
given symbols as “knowns”.

The Newton’s Second Law y-equation contains two “unknown” symbols, m and n.

Remember that our original plan was apply the Newton’s Second Law framework to the pilot at the

bottom of the circle in order to determine n. So we solve the Newton’s Second Law equation for n,
rather than for m, as shown below.

i’ £k

Y
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step-by-step solution for Video (3)
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We obtain a result for n that includes that given symbols (R, vs, and g), but that also includes the
“unknown” symbol m. We will have to hope that the m’s will cancel out, later in our solution.

Notice how our list of given symbols helps us to distinguish the “knowns” from the
“unknowns” in our equation.

According to our plan, next we need to substitute our result for n into the Newton’s Second Law
framework applied to the pilot’s situation at the top of the circle. Our plan is to use the Newton’s

Second Law framework for the top of the circle to determine v,, the pilot’s speed at the top of the circle.
We will carry out that process, beginning on the next page.
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Following the plan we discussed on the previous page, we now apply the Newton’s Second Law
framework to the pilot at the top of the circle.

We begin this process by drawing the Free-body diagram showing all the forces exerted on the pilot
when the plane is at the top of the circle.

Draw a dot at the top of the circle to emphasize that, for this part of the solution, we are focusing on
the situation when the plane is located at the top of the circle.

Fre,e.-body dia.af"u.r‘r‘\

i || the
General two-step process Show ry Q forces

for identifying the forces for e ye ~ted on <he pilot
your Free-body Diagram: § the circle
(1) Draw a downward vector at the —é—gﬁ "

for the object’s weight. SE Q.t .

(2) Draw a force vector for o -t // Y
each thing that is touching P / \
the object. ( |

M i —_

= Es

At the top of the circle, the pilot is still being touched only by the seat cushion.
The seat cushion will again exert a normal force on the pilot.

Here is the rule for determining the direction of the normal force:

The normal force points perpendicular to, and away from, the surface that is touching the object.

So, on this problem, the normal force points perpendicular to, and away from, the surface of the seat
cushion. The problem tells us that, when the plane is at the top of the circle, the pilot will be upside
down. So the pilot will be located underneath the seat. So, when the plane is at the top of the circle,
the seat cushion will exert a downward normal force on the pilot.

We use the symbol 7, to represent this downward normal force in our Free-body diagram, where
the subscript t indicates that this is the normal force at the top of the circle. (Notice that, in this
problem, the subscript t stands for “top”, not for “tangential!)

Two vectors are “equal” only if both their magnitudes and their directions are equal.

Notice that the problem says that “the force” exerted by the seat cushion (the normal force) is the
same at the top and bottom of the circle. But since 1, and 1, point in opposite directions, the
normal force is not the same at the top and bottom of the circle. In symbols: 1, #n, .

So we can see that the problem is worded a little sloppily. What the problem “meant” to say is that
the magnitude of the force exerted by the seat cushion is the same at the top and bottom of the circle.
In symbols: n, = ny,.

(Remember, when a vector symbol is written with an arrow on top, the symbol stands for the
complete vector, including both direction and magnitude. When a vector symbol is written without an
arrow on top, the symbol stands just for the magnitude of the vector.)
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In the first row of the Force Table, we represent the magnitude of each of the overall force vectors.
We continue to use the special formula w=mg to represent the magnitude of the overall weight
force.
The problem tells us that the magnitude of the force exerted by the seat cushion (the normal force)
is the same at the top as at the bottom of the circle. So we can use the result that we obtained for n,

2
. mv- .
to represent n. So we write n,=mg +T in the top row of the Force Table.

For a circular motion problem, you should choose a radial axis that points fowards (rather than
away from) the center of the circle. At this point in our solution, we are assuming that the pilot is at the
top of the circle (as indicated by the dot in our sketch). So we choose a radial axis (the y-axis) that
points down.

We also choose an x-axis (the tangential axis) that points left (since that is the pilot’s direction of
motion at the top of the circle).

Notice that we are using different axes at the top of the circle than the axes we used at the
bottom of the circle. It is OK to use different axes at different points along the object’s path of motion.

The weight force and the normal force are both parallel to our y-axis. Therefore, we can use the
following rule to break both forces into components:

If a vector is parallel or anti-parallel to one of the axes, then
the component for that axis has the same magnitude and direction as the overall vector, and
the component for the other axis is zero.

The weight force points in the positive y-direction, so w, is positive. w, has the same magnitude as
the overall weight force, so w, = +mg. And the other component, w,, is zero.
The normal force points in the positive y-direction, so n,, is positive. n, has the same magnitude as

2
my .
the overall normal force, so nty:+(mg+T) . And the other component, ny, is zero.

Include a positive sign in front of poesitive components. This will help you to remember to
include the crucial negative signs in front of negative components.

Notice that, at the bottom of the circle, w, was negative. But, because we have changed our axes, at
the top of the circle, w, is positive. In order to get the problem right, we need to be careful to get all of
the signs right for all of the components!
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Next, we can use our Force Table to set up our Newton’s Second Law equation for the pilot’s
situation at the top of the circle, as shown above. (Remember that, in this equation, the subscript t
stands for “top”, not for “tangential”.)

The y-component is the radial component. So to find a,, we use the formula a

:+v—
radial r

The radial acceleration always points towards the center of the circle, so in this case the radial
acceleration points down. And we have chosen a radial axis (the y-axis) that points towards the center
of the circle, so the y-axis also points down. Since the radial component of the acceleration is pointing
in the positive y-direction, ay, is positive.

(If we had continued to use “down” as our positive y-axis, as we did at the bottom of the circle, then
the radial acceleration would be negative. This would introduce an unnecessary complication into our
solution. So we did make our life easier by choosing different axes at the top and bottom of the circle.)

The Newton’s Second Law y-equation contains three “given” symbols (R, vy, and g). We treat these
given symbols as “knowns”.

The Newton’s Second Law y-equation contains two “unknown” symbols, m and v.. The question is
asking us for v,, so we solve the Newton’s Second Law y-equation for v..

The symbol m is an “unknown”, but you may already be able to see that, fortunately, all the m’s will
“cancel out” from the Newton’s Second Law y-equation.

Notice how our list of given symbols helps us to distinguish the “knowns” from the
“unknowns” in our equation.
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CIRCULAR MOTION PROBLEMS step-by-step solution for Video (3)

Solve the Newton’s Second Law equation for v..

ﬁtyf-mat,

m3+ mj+ﬂ’;_) ol § _\_{t_z
R R

MV = e ,
M3+MS+ Mg _fDR_s_ @}VMS. vafﬂﬂj

2
ZM3+_”;{VA: =\

2

R mVg | - %
F(Q‘m3+"ﬁ& = £Fr Vt_“P\"

R (2/\93+)& AV 2
R

23 R+ Vﬂ: = V\’.‘.
Ve NV 2R
On the right side of the Newton’s Second Law y-equation, vf is multiplied by the fraction % .
The most efficient way to remove the % fraction is to multiple both sides of the equation by the
reciprocal, % , as shown above. We need to put the left side of the equation in parentheses when we
multiply the left side by g . Then, we use the “distributive law” to remove the parentheses.

When we multiple both sides of the equation by R , all the m’s cancel out of the equation.
m

Answer Remember, your final answer is required to contain only symbols
that are included on your list of givens. The symbols v, g, and R are
all on our list of givens, so our answer satisfies this requirement.

- 2 ¢ 2 R . . . .

V " \/b 3 The symbol m is not on our list of givens, so we cannot include the
symbol m in our final answer. So it is fortunate that we were able to

cancel all of the m’s out of our equation.
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CIRCULAR MOTION PROBLEMS

step-by-step solution for Video (3)
Do our results make sense?

Fores Table. [z
/ \ L s

aby wxb O nbx Componenfs
i/ Wy 3 nb = r

nb n Fg magnitudes of

the ew.ull vectors

§ nb:m3+m%
2\5 i CL")’
-mg + N :m(%é) }
y A

—

R w=mq

n = ma +mv“

Does our result for n make sense?

The symbol n stands for a magnitude, so our result for n should be positive.
All the symbols in the expression for n stand for positive quantities, so, yes, our result for n is
positive. If our result for n had been negative, we would know that we had made a mistake

There are some other things we can think about to check whether our results for n and v, make
sense, but we will save that discussion for the next video
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CIRCULAR MOTION PROBLEMS step-by-step solution for Video (3)

Recap:

This is the first problem in this series which has dealt with motion in a vertical circle, rather than
motion in a horizontal circle. On this problem, the radial axis is the y-axis. Compare with the
previous problems, in which the radial axis was the x-axis.

This is the first problem in this series for which it was necessary to apply the Newton’s Second Law
problem-solving framework separately to two different points on the object’s path of motion. We
needed two different Free-body diagrams, one for the bottom of the circle and one for the top. Notice
that the direction of the normal force was different for these two diagrams.

Similarly, we needed two different Force Tables, and two separate applications of the Newton’s
Second Law equation, once for the bottom of the circle, and once for the top of the circle.

This is the first problem in this series for which it was useful to choose different sets of axes for
different points along the path of motion. We want to choose a radial axis that points towards the center
of the circle. Therefore, we need two different sets of axes, one for the bottom of the circle and one
for the top. It is OK to use different axes for different points on the object’s path of motion.

(If your radial axis does not point toward the center of the circle, then ar.q¢ia Will be negative, which
introduces an unnecessary complication into the solution.)

Notice that, based on the y-axes we have chosen, at the bottom of the circle w, is negative; but, at
the top of the circle, w, is positive.

For a horizontal circle, you will typically need to write Newton’s Second Law equations for the
radial component, and for the component that is perpendicular to the plane of the circle.

For a vertical circle, you will typically need to write a Newton’s Second Law equation only for the
radial component.

For typical problems, the fangential component is usually of little importance for either horizontal or
vertical circles.

Thus, notice that on this problem dealing with a vertical circle, we only needed to write the
Newton’s Second Law equations for the radial component (the y-component). We did not need to
write the Newton’s Second Law equations for the tangential component (the x-component), nor for the
component that is perpendicular to the plane of the circle (which we could call the z-component).

This is the first symbolic problem we have dealt with in this series.

For a symbolic problem, you should write down a list of the given symbols.

In general, the “given” symbols are the symbols that are mentioned in the problem.

g is treated as a given, even though it is not mentioned in the problem, because g stands for a known
physical constant. v, is not treated as a given, even though it is mentioned in the problem, because v, is
what the question is asking us for.

The “given” symbols (R, vi, and g) are treated as “knowns”. Symbols that are not on your list of
givens (m, n, and ) are treated as “unknowns”.

Only symbols that are treated as givens should be included in your final answer. For example, the
symbol m was not on our list of givens, so the symbol m cannot appear in our final answer. Fortunately,
the m’s canceled out while we were solving the Newton’s Second Law y-equation for v..
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CIRCULAR MOTION PROBLEMS step-by-step solution for Video (4)

Video (4)

Axes for circular motion
Let’s consider motion in a vertical circle, and in a horizontal circle, as drawn below.
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I have drawn x-, y-, and z-axes for points A, B, C, and D on the vertical circle; and points E and F
on the horizontal circle. It is OK to choose different axes for different points along the path of motion!

The z-axes should be understood as pointing perpendicular to the plane of the page. (The z-axes at
points A, B, C, and D can point either out of or into the page.) We have seen that the z-axis usually
does not play an important role in the solution for typical circular motion problems. So, when solving
circular motion problems, it’s usually not necessary to draw the z-axis. In these diagrams, however, for
the benefit of our own understanding, I have drawn the z-axes.

At each point, we choose a radial axis that points towards, rather than away from, the center of
the circle. At points B, D, E, and F, the radial axis is the x-axis. At points A and C, the y-axis is radial.

At each point we choose a tangential axis that points in the object’s direction of motion. At points A
and C, the x-axis is tangential. At B and D, the y-axis is tangential. At E and F, the z-axis is tangential.

For the vertical circle, the z-axis can be described as “perpendicular to the vertical plane of the
circle”. For the horizontal circle, the y-axis is “perpendicular to the horizontal plane of the circle”.
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CIRCULAR MOTION PROBLEMS step-by-step solution for Video (4)
The velocity vector for circular motion.

The direction of the velocity vector indicates the object’s direction of motion. Therefore, the
velocity vector at any point along an object’s path of motion will be tangent to the path at that point.
Therefore, for circular motion, the velocity vector at any point along the circular path of motion
will be tangent to the circle.

Using this rule, we can draw the velocity vector at points A, B, C, and D on the vertical circle.
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x

perpendicular to £he
== plone of the circle
It would be awkward to draw the velocity vector at points E and F on the horizontal circle, but we
can describe the velocity vector at point E as pointing tangent to the circle, and directly out of the page
(in the direction of the positive z-axis for point E); and the velocity vector at point F points tangent to
the circle, and directly into the page (in the direction of the positive z-axis for point F).
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CIRCULAR MOTION PROBLEMS step-by-step solution for Video (4)
The acceleration vector for circular motion. The meaning of radial and tangential acceleration

The direction of the acceleration vector does not indicate the object’s direction of motion (that’s the
job of the velocity vector). So, what does the acceleration indicate? The term “acceleration” has a
broader meaning in physics than in ordinary language. In physics, the term “acceleration” refers to:
speeding up, or slowing down, or changing the direction of motion.

If the acceleration is parallel to the velocity, the object is moving with increasing speed.

If the acceleration is anti-parallel to the velocity, the object is moving with decreasing speed.

If the acceleration is perpendicular to the velocity, the object is changing its direction of motion.

If the acceleration is zero over an interval of time, then the object’s speed and direction of motion
are constant over that interval.

The radial component of the acceleration always points towards the center of the circle.
So we can draw the radial component of the acceleration at points A, B, C, D, E, and F as follows.
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The radial component of the acceleration is always perpendicular to the velocity. Therefore, the
radial component of the acceleration measures how quickly the object must change its direction
of motion, in order to maintain its circular path of motion.
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CIRCULAR MOTION PROBLEMS step-by-step solution for Video (4)

If the acceleration is parallel to the velocity, the object is moving with increasing speed.

If the acceleration is anti-parallel to the velocity, the object is moving with decreasing speed.

If the acceleration is perpendicular to the velocity, the object is changing its direction of motion.

If the acceleration is zero over an interval of time, then the object’s speed and direction of motion
are constant over that interval.
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If an object is motionless in a component, then that component of the object’s acceleration will be
zero. When an object moves in a circle, the object will be motionless in the component that is
perpendicular to the plane of the circle. Therefore, when an object moves in a circle, the component of
the acceleration that is perpendicular to the plane of the circle will be zero.

Therefore, at points A, B, C, and D, a, = 0. At points E and F, a, = 0.

=

We have seen in the previous videos that the tangential component is usually not important for
solving typical circular motion problems. But, for the sake of our own understanding, we can interpret
the tangential component of the acceleration as follows:

If the tangential component of the acceleration is parallel to the velocity, then the object is speeding
up.

If the tangential component of the acceleration is anti-parallel to the velocity, then the object is
slowing down.

If the tangential component of the acceleration is zero, then the object is moving with constant
speed. This is referred to as “uniform circular motion”.
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CIRCULAR MOTION PROBLEMS step-by-step solution for Video (4)
The meaning of the “radial force”

According to Newton’s First Law, if the net force is zero, then an object in motion will continue to
move, in a straight line, at constant speed.

Therefore, in order to move in a circle, rather than in a straight line, there must be some force which
changes the object’s direction of motion so that the object moves in a circle, rather in a straight line.

The force that changes the object’s direction of motion so that it will move in a circle, rather in a
straight line, is called the radial force. (Another name for “radial force” is “centripetal force”.)

There may be more than one force in the radial component. According to Newton’s Second Law for
the radial component (2F ,dia1 = Mdsaial), the net radial force will determine the radial acceleration.

Video (2
\Video (1) ideo (2)
ITy L-'L'-ﬁ N Amax = 9.8m
- ;
Py _1_"_'---\
T P R
—

Vw=9.9m

w=4.9N
In Video (1), the radial force is provided by T,. In Video (2), the radial force is provided by n

Video (3),‘:0“0’“ of circle Video (3), 'f-o)o of circle
n, -
- w
Qrad‘..t nl‘
—>
w

In video (3), the net radial force at the bottom of the circle is the vector sum of 7, and w . At
the bottom of the circle, 7, is partially cancelled by w .

In video (3), the net radial force at the top of the circle is the vector sum of 7, and w . Atthe
top of the circle, 1, isreinforcedby w .

By the way, the net tangential force determines whether the object will speed up or slow down. If
the net tangential force is zero, then the object moves with constant speed (“uniform circular motion”).

www.freelance-teacher.com


http://www.freelance-teacher.com/
http://www.freelance-teacher.com/

CIRCULAR MOTION PROBLEMS step-by-step solution for Video (4)
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In the formula a_, ,=+— |, vis on the top of the fraction, and r is on the bottom of the fraction.
r

This implies that increasing v (while holding r constant) will increase a;.qai; but that increasing r (while
holding v constant) will decrease @41 Do these implications of our formula make sense?

When the object is moving with greater speed, while holding the radius constant, the object does
need to change its direction of motion more quickly in order to maintain its circular path of motion. So
when the object is moving with greater speed, it does indeed make sense that the radial acceleration
must be greater, just as our formula predicts.

Think about driving around a curve. It’s more dangerous to drive around a curve at high speed,
rather than at low speed, because the higher the speed, the greater the required radial acceleration. The
greater the a..qi1, the greater the required radial force. And the greater the required radial force, the more
likely that the actual radial force will not be large enough to do the job, in which case the car will skid
out of the turn.

Increasing the radius corresponds to making the turn more gradual. In a
more gradual turn, the object needs to change its direction of motion more
slowly in order to maintain its circular path of motion. So when the radius is
larger, holding the speed constant, it does indeed make sense that the radial ¢ mall r bses T
acceleration must be smaller, just as our formula predicts. “Sharp turn "Brm?un'“ Lurn
It is more dangerous to drive around a curve with a small radius of
curvature (a sharp turn) because, the sharper the turn, the greater the required radial acceleration.

2

v . -
So the formula a :+T corresponds to the common sense idea that it is more dangerous to

radial

drive at high speed around a sharp turn; and it is safer to drive at low speed around a gradual turn.
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CIRCULAR MOTION PROBLEMS step-by-step solution for Video (4)

How does the amusement park ride in Video (2) prevent the riders from slipping downward?

Video (2)

Amax Fs= 7.8 m

Vw=9.9m

How does the amusement park ride in Video (2) prevent the riders from slipping after the floor
drops away?

The normal force will adjust to be whatever size it takes in order to maintain the rider’s circular
path of motion.

And the static friction force will adjust to be whatever size it takes in order to prevent the rider from
slipping—up to the maximum limit imposed by the formula, max f; = psn.

The ride is operated at high speed.

At high speed, a large radial acceleration is required in order to maintain the rider’s circular path of
motion.

To provide this large radial acceleration, the normal force adjusts to provide a large radial force.

But a large normal force means that wall is pressing firmly against the rider, which implies a large
maximum static friction force.

A large maximum static friction force implies that static friction will be able to adjust to be large
enough to prevent the rider from slipping downwards.

2

KU, 2 T B+

So, by operating at high speed, the ride causes the wall to press firmly against the rider, which
enables static friction to be large enough to prevent the rider from slipping downward.
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CIRCULAR MOTION PROBLEMS

Do our results for Video (3) make sense?

\ W= mo
ll'. Q.by wx"o
A

/ Wy

RN
é\EwmQ’b)’

-mg+ N :m(}éﬁ)

Y
2

Ve

R

n = m3+m

Forct. Table

= n 'S
nbx

n,=+n

Y

step-by-step solution for Video (4)
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In Video (3), does our result for n make sense? The magnitude of the weight force is mg, so our
result says that the magnitude of the normal force equals the magnitude of the weight force (mg), plus
2

something extra (m%)

. Does that make sense?

The normal force has two “jobs™ at the bottom of the circle.
Job #1: The normal force has to cancel out the downward weight force.
Job #2: And the normal force has to create the upward radial acceleration necessary for the pilot to

maintain their circular path of motion.

So yes, it makes sense that the magnitude of the normal force equals mg (to cancel out the weight

2
force) plus

circular path of motion).

Wlﬁot RS /V\a{i—ue,mq'tlc.c.uy
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In Video (3), does our result for v, make sense? As shown above, our result for v, mathematically
implies that v, > v,. We will demonstrate on the next page that this result does make sense.
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CIRCULAR MOTION PROBLEMS step-by-step solution for Video (4)
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The problem tells us that the normal force has the same magnitude at the top of the circle as at the
bottom of the circle. At the bottom of the circle, the normal force points towards the center of the circle,
but the weight force points away from the center of the circle, so the normal force will be partially
canceled by the weight force. At the top of the circle, the normal force and the weight force both point
toward the center of the circle, so the weight force will reinforce the normal force. So, the net radial
force at the top of the circle will be greater than the net radial force at the bottom of the circle.

According to Newton’s Second Law (ZF gl = Mdaial), @ greater net radial force implies a greater

radial acceleration. So, the radial acceleration will be greater at the top of the circle. According to the
2

1% oo . C
=+— , when radius is held constant, a greater radial acceleration implies a greater
r

formula a

radial

speed. So, the speed will be greater at the top of the circle. That matches what was mathematically
implied by our result for v, (see bottom of previous page), so, yes, our result for v, does make sense.

A larger net radial force at the top of the circle will cause the pilot to change their direction of
motion more quickly at the top of the circle. If the pilot is changing their direction of motion more
quickly at the top of the circle, they will need to move with greater speed at the top of the circle in
order to maintain their circular path of motion. So, again, yes, it makes sense that our result for v,
implies that the pilot is moving with greater speed at the top of the circle.
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CIRCULAR MOTION PROBLEMS step-by-step solution for Video (4)
The effect of mass on circular motion

Loosely speaking, the “mass” measures the quantity of matter contained in an object.
Don’t confuse the mass with the weight. The “weight” measures the downward pull on the object
due to the Earth’s gravity.

In video (4) of my previous video series, “Newton’s Second Law problems, explained step by step”,
I discussed the meaning of the concept of mass. In that video, we learned that a more massive object is
more difficult to accelerate. That is to say, it is more difficult to speed up a more massive object; it is
more difficult to slow down a more massive object; and (here’s the part that most interesting for
circular motion) it is more difficult to change the direction of motion for a more massive object.

We can confirm this idea using Newton’s Second Law.

Here again is Newton’s Second Law for the radial component: XF ., =ma, g,
’ : : . . . Z'F'radial
Let’s solve this equation for the radial acceleration: A ool =
m

{/«)hd{: 1S mo".h*mof't(}”] i/“)o“eJ 67 f/ﬁs -;off"ul&:

£Frudm T R Qroa;.:T

[ T T arad;ql J/

The net radial force is on the top of the fraction. So the formula implies that increasing the net
radial force (while holding the mass constant), will increase the radial acceleration.

The mass is on the bottom of the fraction. So, increasing the object’s mass will increase the bottom
of the fraction. Increasing the bottom of a fraction makes the fraction as a whole smaller. (4 is a bigger
number than 2, but % is a smaller number than %2.) So, increasing the object’s mass (while holding the
net radial force constant), will decrease the radial acceleration.

This confirms our earlier statement that a more massive object is more difficult to accelerate. That
is to say, this confirms the idea that, the more massive an object is, the more difficult it is to change the
object’s direction of motion sufficiently to maintain its circular path of motion.

To be more precise, Newton’s Second Law tells us that the radial acceleration is directly
proportional to the net force, and that the acceleration is inversely proportional to the mass. This means
that, for example, doubling the net force on an object (while holding the mass constant) will double the
object’s radial acceleration; while doubling the quantity of matter contained in an object (while holding
the net force constant) will cut the object’s radial acceleration in half.
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CIRCULAR MOTION PROBLEMS step-by-step solution for Video (4)
The effect of mass on circular motion, continued

So, when you increase the mass of an object, that will tend have two, separate effects on the result
of a circular motion problem:

(1) Increasing the mass will tend to decrease the radial acceleration; that is to say, increasing the
quantity of matter contained in the object will make it more difficult to change the object’s direction of
motion sufficiently to maintain its circular path of motion.

(2) Increasing the mass will also increase the object’s weight; that is to say, increasing the quantity
of matter contained in the object will also increase the downward pull on the object from the Earth’s
gravity.

Because of these two, separate effects, mass is a difficult and subtle concept to analyze.
(The formula w=mg tells us that the magnitude of the weight force is directly proportional to the

mass of the object. This means that, for example, if you double the quantity of matter contained in an
object, you will also double the downward pull on the object due to the Earth’s gravity.)
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CIRCULAR MOTION PROBLEMS step-by-step solution for Video (4)

The biggest mistake made by physics students
Don’t use the word “it”

The biggest mistake that physics students make is mixing up the concepts.

Here are some of the concepts we have discussed for circular motion:
velocity
speed
radial acceleration
tangential acceleration
acceleration perpendicular to the plane of the circle
radial force
mass
weight

To avoid mixing up these concepts, don’t use the word “it”.

Don’t say “it is tangent to the circle” or “it measures how fast the object is moving” or “it points
toward the center of the circle” or “it indicates how the speed is changing” or “it’s zero” or “it changes
the object’s direction of motion”.

Instead, say “the velocity vector is tangent to the circle” or “the speed measures how fast the object
is moving” or “the radial component of the acceleration points toward the center of the circle” or “the
tangential component of the acceleration indicates how the object’s speed is changing” or “the
component of the acceleration that is perpendicular to the plane of the circle is zero” or “the net radial
force changes the object’s direction of motion”.

Don’t say “it measures the quantity of matter” or “it represents the downward pull on the object
from the Earth’s gravity.”

Instead, say “the mass measures the quantity of matter” or “the weight force represents the
downward pull on the object due to the Earth’s gravity”.

Even when you are simply thinking about the concepts in your own head, try to avoid using the
word “it”. Instead, always label the specific concepts you are thinking about with a name or a symbol.

This advice applies to all the concepts you will encounter in your physics course, not just the
concepts we’ve discussed in this video.

The biggest barrier to understanding physics is mixing up the concepts.
To avoid mixing up the concepts, don’t use the word “it”.

You may notice that I try to follow this advice myself in the videos and in this solutions document.
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CIRCULAR MOTION PROBLEMS step-by-step solution for Video (4)
Problems

Here are some problems for you to try.

Problem 1
True or False: In uniform circular motion, the object moves with constant velocity.
If the sentence if false, how would you reword the sentence to make it true?

Problem 2

In “uniform circular motion”, the object moves with constant speed.

True or False: Therefore, in uniform circular motion, the object’s acceleration is zero.
If the sentence is true, explain why it’s true.

If the sentence if false, how would you reword the sentence to make it true?

Problem 3

An object is attached to a string, which is attached to a table at point A. The object moves with
uniform circular motion, at a speed of 3 m/s, on the surface of the frictionless, horizontal table, as
shown. Suppose the string breaks when the object is at point B on the circle. Describe the object’s path
of motion along the surface of the table, and the object’s speed, after the rope breaks.

——e

-~ B
&e

Problem 4

We have seen that the object’s mass does not affect the answer for the problems in Video (2) and
Video (3). If you try redoing the problem from Video (1) with a different mass, you will see that the
mass does not affect the answer for that problem either.

(a) Explain why changing the object’s mass does not affect the answer for the problem in Video (1).

(b) Explain why changing the object’s mass does not affect the answer for the problem in Video (2).

(c) Explain why changing the object’s mass does not affect the answer for the problem in Video (3).
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As I’ve already mentioned, the concepts we have been discussing are subtle and difficult. It took
scientists centuries to achieve a clear understanding of these concepts, so you can’t expect to get a full
understanding from reading an eleven page explanation. If you make an effort to keep thinking about the
meaning of physics concepts and physics formulas, and if you make an effort to avoid mixing up the
concepts with each other, then I think that your understanding of the concepts and formulas will grow
and deepen over time.

Since it does take time to achieve understanding, if you found this discussion to be interesting then I
encourage you to reread it again at some point in the future, to help you solidify the ideas in your mind.
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CIRCULAR MOTION PROBLEMS

Video (5)

step-by-step solution for Video (5)

Here is a summary of some of the main steps in the solution for part (a):
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It turns out that the Newton’s Second Law y-equation for m, is not necessary for solving the
problem. If that was obvious to you, then you don’t need to write down that equation.
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Mass m; on a horizontal table is attached by a cord through a hole in the table to a hanging mass m..
The table is frictionless. Mass m, rotates with uniform circular motion of radius R, while mass m, hangs
motionless.

(a) What is the speed of mass m;?

(b) What is the time period for the uniform circular motion of mass m,?

() 2= v

CD;VQAS.'mHmZ:R’(j

The problem mentions the concept of mass, which is a concept that can be substituted into the
Newton’s Second Law equations.

The problem also mentions the concepts of radius and speed. These concepts can be substituted into
2

v . . . . .
the formula a :+T to find the radial component of the acceleration, which can in turn be

radial

substituted into the Newton’s Second Law equation for the radial component.

So we see that all the concepts mentioned in the problem can be substituted into the Newton’s
Second Law problem-solving framework, confirming that Newton’s Second Law is the correct
framework for solving this circular motion problem.

When possible, represent what the question is asking you for using a symbol.

Part (a) asks for the speed of mass m;. Speed is the magnitude of velocity. So we write: (a) ? = v,

The symbol v, written without an arrow on top, stands for the magnitude of the velocity (i.e., the
speed). The subscript 1 indicates that the question is asking for the speed of mass m;.

This problem is a “symbolic” problem, rather than a “numeric” problem, because the problem
gives us symbols to work with (R and v;,) rather than giving us numbers.

For a symbolic problem, such as this one, we should write down a list of the given symbols, as
shown above.

A symbol that is explicitly mentioned in the problem is treated as a given (unless it represents what
the question is asking for). So for this problem, the symbols m;, m,, and R are treated as givens.

A symbol that is not explicitly mentioned in the problem is not treated as a given. Exception: The
symbol g is treated as a given, even though it was not mentioned in the problem, because g represents a
known physical constant (9.8 m/s?).

Write down your list of given symbols, as shown above.
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We usually need to apply the Newton’s Second Law equations to each object whose mass is
mentioned in the problem. The problem mentions two masses: mass m; and mass m,. Therefore, we
plan to apply Newton’s Second Law to mass m;, and we also plan to apply Newton’s Second Law to
mass m,. Therefore, we need two Free-body diagrams: one diagram showing all the forces exerted on
mass my, and a separate Free-body diagram showing all the forces exerted on mass m.

For concreteness, let’s assume that mass m; is currently located at the far right of its horizontal
circle, as shown by the dot in the sketch below.

Fraa—bouly diagrﬂum Fre.&—botiy dingl"am
anow‘-nj all the ferces g inew"nj all the forces

e yerted onmass M, e yerted oo Mmass M,

AR AT
i
23 SN

3 % =k

/ T

[ e_. -

.-9

Vw, V W,

General two-step process for identifying the forces for your Free-body Diagram for a particular object:
(1) Draw a downward vector for the object’s weight.
(2) Draw a force vector for each thing that is touching the object.

In this case, mass m; is being touched by the table. The table is a “surface”, which exerts a normal
force on mass m;. There is no friction force, because the problem says that the table is frictionless.

In addition, mass m; is being touched by the cord, which exerts a tension force on mass m;.

Mass m; is also being touched by the cord, which exerts a tension force on mass m,.

The rule for determining the direction of the weight force is: The weight force always points down.
We 1 and 2 subscripts to distinguish the two weight forces, w, and Ww, , from each other.

The rule for determining the direction of the normal force is: The normal force points
perpendicular to, and away from, the surface that is touching the object.

So the normal force exerted by the horizontal table on mass m; points perpendicular to, and away
from, the surface of the table. Therefore, the normal force points up.

The rule for determining the direction of the tension force is: The tension force points parallel to the
cord, and away from the object.

As shown by the dot in our sketch above, we are assuming that mass m, is currently located at the
far right of the horizontal circle. Therefore, the tension force exerted by the cord on mass m; points to
the left.

The tension force exerted by the cord on mass m, points up.

We use 1 and 2 subscripts to distinguish the two tension forces, Tl and Tz , from each other.
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Begin a Force Table for mass m;, and a separate Force Table for mass m,.
Free—b:::l;; cliqgr‘a_m Frze—bod7 dinsr'ﬂuf"f\
Sl‘\o\r'.'f‘j all the forces Slnow‘mj all the forces

Q)(er{'%ol on Mass M, e )(e,,-'éaol on Mass M,
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Force Table $or M, FO’-CQTO-bI?- for m,
wEmg [N |TET ) WEMY [T gl
WIx: My 2 -rl‘(: WN- sz: CO”‘PontnfS
Wy~ Ny = Ty U\)ZYZ Tay®

In the first row of the Force Table, we write the magnitudes of each of the overall force vectors for
mass m; and for mass m.

We use the special formula w=mg to represent the magnitude of the weight force on mass m; and the
magnitude of the weight force on mass m,. The problem gives us the symbols m; and m, to use for the
object’s masses. This is a symbolic problem, so we continue to use the symbol g, rather than
substituting the number 9.8 m/s?.

There is no special formula for the magnitude of the normal force, so we represent the unknown
magnitude of the normal force on mass m; with the symbol n.

There is also no special formula for the magnitude of a tension force.

In introductory physics, it is standard to assume that a cord is “massless” (unless the problem states
otherwise). For a massless cord, the magnitude of the tension force is the same at both ends of the
cord (but the direction of the tension force may be different at the two ends of the cord). In our Force
Tables above, the symbols 7; and 75, written without arrows on top, stand for the magnitudes of the
tension forces on mass m; and on mass m,. Because these magnitudes are equal, we can write 7, = 7,
and 7, = T, using the same symbol, 7, to represent both magnitudes, as shown in first row of the tables
above.

For purposes of our Force Table, we do not try to figure out how all these forces will interact with
each other. We will let our Newton’s Second Law equations figure out those interactions for us.
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Fret—bocl7 ﬁliqgr'a..m

step-by-step solution for Video (5)
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For a circular motion problem, you should choose a radial axis that points fowards the center of the
circle. In our sketch, mass m, (represented by the dot) is located at the far right of the horizontal circle.
So we choose a radial axis (the x-axis) that points to the /lef?.

We also choose a y-axis that points up. This axis is perpendicular to the plane of the horizontal
circle.

For this problem, the axes that we choose for mass m; are also fine to use for mass m.

Both weight forces are anti-parallel to the y-axis, the normal force on m; and the tension force on m,
are parallel to the y-axis, and the tension force on m; is parallel to the x-axis. Therefore, we can use the
following rule to break all of the forces into components:

If a vector is parallel or anti-parallel to one of the axes, then the component for that axis has the
same magnitude and direction as the overall vector, and the component for the other axis is zero.

For example, the tension force on m; points in the positive x-direction, so 77, is positive. 7}, has the
same magnitude as the overall tension force, so 7, = +7. And the other component, 7/, is zero.

For another example, the tension force on m, points in the positive y-direction, so 75, is positive. 75,
has the same magnitude as the overall tension force, so 75, = +7. And the other component, 7>, is zero.

Include a plus sign in front of positive components (such as n,,, T, and 75y). This will help you
to remember to include the crucial negative signs in front of negative components (such as w;, and wyy).
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Next, we can use our Force Tables to set up our Newton’s Second Law equations, as shown above.

Mass m; is experiencing forces in both the x- and y-components, so we write Newton’s Second Law
equations for mass m; for both the x- and y-components.

Mass m, does not experience any forces in the x-component, so for mass m, we only write the
Newton’s Second Law equation for the y-component.

For the masses of object 1 and object 2, we substitute the given symbols, m; and m.

ONE un kno wA

If an object is motionless in a component, then that component of its acceleration is 0. Mass m;, is
motionless in the y-component, so ay, is zero. Mass m, is motionless in both components, so a,, is 0.

Mass m; is moving in a circle. The x-component is the radial component, so we =
2

can apply the f 1 aer"“':+L
pply the formula a —

radial

1% . .
:+7 to find ay. For speed, we substitute v;. For

radius, we substitute the given symbol, R. Substitute the result for a;, into the Q.=+ S
Newton’s Second Law x-equation for mass m;, as shown above.

Remember that the given symbols are m;, m,, R, and g. We treat these given symbols as “knowns”.
Therefore, the “unknown” symbols in our equations are T, vy, and n.

The Newton’s Second Law x-equation for m; has two unknowns (T and v;), so we postpone
working with that equation.

The Newton’s Second Law y-equation for m; has only one unknown (n), and the Newton’s Second
Law y-equation for mass m, has only one unknown (T). So we begin by solving the m; Newton’s
Second Law y-equation for n, and by solving the m, Newton’s Second Law y-equation for T.
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We have solved the m; Newton’s Second Law y-equation for n. However, the symbol n does not
appear in either of the other equations; and the problem is not asking us for n. So it turns out that the
Newton’s Second Law y-equation for mass m; is actually unnecessary for solving the problem.

For a horizontal circle, you will typically need to write Newton’s Second Law equations for the
radial component, and for the component that is perpendicular to the plane of the circle. But this
problem is an exception to the usual pattern for horizontal circles. For m; we only needed the
Newton’s Second Law equation for the radial component (the x-component). The Newton’s Second Law
equation for the component that is perpendicular to the circle (the y-component) turned out not to be
necessary for mass m.

If it was obvious to you that the Newton’s Second Law y-equation for m; is not necessary for this
problem, then you don’t need to write down that equation in the first place.

We have solved the m, Newton’s Second Law y-equation for T. The symbol T appears in the

Newton’s Second Law x-equation for mass m;, so our next step is to substitute our result for T into that
equation.
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CD;VQI\S:mr,mz,Rga

Now the Newton’s Second Law x-equation for mass m; has only one unknown remaining (v;), so
we can now solve the x-equation for v;.
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On the right side of the Newton’s Second Law y-equation, v; is multiplied by the fraction — .

m
The most efficient way to remove the El fraction is to multiple both sides of the equation by the

. R
reciprocal, — , as shown above.
my

Remember, your final answer is required to
P‘ nswer ‘F or p urf ( G') contain only symbols that are included on your

list of givens. The symbols m;, my, R, and g

m 0SS IYy; h as 3§ P ee J are all on our list of givens, so our answer

satisfies this requirement.

Mo Q R For example, v,= % would not be an

[
M, acceptable answer to the problem, even though
it is a true equation, because T is not on our
list of givens.

Our answer is symbolic, so we should not include units with our answer.
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Now we work on part (b).

step-by-step solution for Video (5)

Mass m; on a horizontal table is attached by a cord through a hole in the table to a hanging mass m.,.
The table is frictionless. Mass m, rotates with uniform circular motion of radius R, while mass m, hangs

motionless.

(a) What is the speed of mass m,?

(b) What is the time period for the uniform circular motion of mass m,?

(b)°=T

Givcns‘m.,m-,ﬂaj

<=7

[m,

When possible, represent what the question is ask you for with a symbol.
Part (b) is asking for the “period” for mass m;. The period measures the time required for the object
to travel one complete revolution around the circle. The symbol for the period is T.

To determine the period we
2mr

use the formula T=—" .
v

For the radius, we substitute
the given symbol, R.

For the speed, we substitute
our result for v, that we
determined in part (a) of our
solution.

The next page discusses the
algebra for simplifying the
answer.
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(m,, my, R, and g)
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2nR
m,gR

T= is an acceptable answer for part (b).

m,
If you like, though, you can simplify the result for T, using the algebra shown below.
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For clarity I have broken the algebra into many small steps, but if some of these steps were obvious to
you, then it would fine to skip or combine some of the steps.

=
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Do our results make sense?

Mass m, MQss M, Does our result that T = m,g make sense?
R T, 2 M2Q The weight force is trying to make mass m,
N begin moving downward. But the problem

says that mass m, remains motionless. In

B i
3 N - HHO!
i T 5 order to prevent m, from beginning to move
downward, w, mustbe canceledby T, .
So, yes, it makes good sense that:
\
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Does it make sense that, in our result for v;, m; is on the top of the fraction, and m; is on the bottom
of the fraction? This result implies that increasing m, (while holding all the other givens constant) will
increase v;. Does that make sense? [This discussion will build on our discussion in Video (4).]

Increasing m, will increase the weight of mass m,, which will increase the tension in the rope. This
increased tension provides a greater radial force, which will give m; a greater radial acceleration (m;
will change its direction of movement more quickly). With greater radial acceleration, m; must move
with greater speed in order to stay on its circular path of radius R. So, yes, it makes sense that
increasing m, will lead to an increase in v;.

Our result implies that increasing m; (while holding all the other givens constant) will decrease v;.
Does that make sense?

Increasing m; will make object 1 more difficult to accelerate. A smaller radial acceleration for m;
means that m; will change its direction of movement more slowly. So m; must move with less speed in
order to stay on its circular path. So, yes, it makes sense that increasing m; will lead to a decrease in v;.
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Recap:

It is usually best to apply Newton’s Second Law to each object whose mass is mentioned in the
problem, so for this problem we apply Newton’s Second Law separately to mass m; and to mass m,.
This means that we need separate Free-body diagrams for mass m, and mass m,, and we need
separate Force Tables for mass m, and mass m,.

The magnitude of the tension force is the same at both ends of a massless cord or string. So, in the
first row of our Force Table, we can use the same symbol, T, to stand for both the magnitude of Tl

and the magnitude of T,

There are no forces on mass m;, in the x-component, so for m, we only need the Newton’s Second
Law y-equation. m, is motionless, so we substitute a,, = 0 in the Newton’s Second Law y-equation.
Choose a radial axis that points towards the center of the circle. We assume m; is at the far right of

the horizontal circle, so our radial axis (the x-axis) points left. Then we can use the formula
2

v
o =+ to represent ds.

For a horizontal circle, you will typically need to write the Newton’s Second Law equations for the
radial component, and for the component that is perpendicular to the plane of the circle. But this
problem was an exception to that pattern, because for m; we only needed the Newton’s Second Law
equation for the radial component (the x-component).

For circular motion, the period T represents the time required for the object to travel one complete
rotation around the circle.

. . . 2nr
You can use this formula to convert between linear speed and period: T=—
v

(This formula can be proven from the general formula for constant speed motion, D = vAt.)

This was a symbolic problem, so we made a list of the given symbols. This list of givens helped us
to distinguish the “knowns” from the “unknowns” in our Newton’s Second Law equations.
Remember that you are only allowed to use the “given” symbols in your final answers. For example,
2nR
T=
Vi
includes the symbol v;, which is not a given symbol for this problem.

would not be a correct answer for part (b), even though it is a true equation, because it

Always try to use the exact right symbols, including the exact right subscripts.

For a multiple objects problem, use subscripts to carefully distinguish between the two objects.

The problem used 1 and 2 subscripts to distinguish m; and ms.

And we used 1 and 2 subscripts to distinguish  w, from w, , T, from. T, ,EF,, from ZF,,
a;y from a,y, etc.

Remember, Tl ¢T2 , because the two tension forces point in different directions.
But T,=T,, because the two tension forces do have the same magnitude (which we represented as T).

www.freelance-teacher.com


http://www.freelance-teacher.com/
http://www.freelance-teacher.com/

